!u‘ ﬂ; N

Alinear differential equation with constant co-efficients is theone i
ne

nwhich the dependent

ariable and its derivatives occur only in the first degree and are not multiplied together ang

: I_ : fﬁcients are constants.
A differential equation of the form
d”y d"_ly dn—2y
PO dx" +P1 dx™ -1 +P2 dx" -2 + ... +Pny:X (1)

‘where Py, P, P, ..., P and X are functions of X Or constants, is called a lineqr differential
equation of nth order.

And if BBy Py asiec, P are all constants (not functions of x) and X is some function

a linear differential equation with constant co-efficients of nth
order. '

42, THE DIFFERENTIAL OPERATOR
¥

lDl

ERiramr -~
g7,
SmaliilL

d
The par, 2z °fthe symbol -32 may be regarded as a differential operator, such that when

ito y . ' C iy
Perates on ¥, the regylt is the derivative of y. e’G L C79 *\
<\
: . 3 no Q L[‘RARY L
tis Usug] tq Write D for ‘—d—-,D2 f()l!"-d—22,D3 fOI‘—d-?. ..... , D" for %:f.’ r‘
x dx dx \‘:\.‘ dce. Ao,
termg of the operatop D, the differential equation (1) can be wrltten-.ag .
BoD"+ P Dr-14p pr-2y 4 Pryy =X
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EQUATIO
RENTIAL
4.3. COMPLETE SOLUTION OF THE LINEAR DIFFE
I

linear independent so[, tiﬂn;
12

. - u’
. 4 czyz + evees + cnyn !B!
Yy =0 then y = f-;gzl equation (1) e
(a Dﬂ +a nﬂ -1 * n!')""g R "ﬂ . diffe!‘f!n
0 1

are
Fa Y = Yy v \ Yn
Theorem, If y = Yp ¥ =

] whéri
the
) )
neral or complete solution (,{,,,gs

" ‘ 4 ’ 8L LD |
- are n arbitrary con |
CI‘ cl‘ o,. LAY (‘!I l

Proof. The given equation 18 — vay =0 )
D"y + a, D" Ly +a, D .
a,D"

: herefore
lutions of equation 1), ¢ Y15 Yo ..,
are 80
y=y,
. ’ A T L
Since v = v, ¥ =)

4

i=fy = et a y1 =
must satisfy (1) nly 4 ay D" 2y, +. e
a D':"] +GII) '}1
ot

=2y, + ... +a,¥Yy =
+aDn—1y2+02D 2
e

ey
.........
........
------
------
------------
see
vansn
-----
......
........
e

. : and adding vertically, Wegs !
ing above equations successively by ¢, ¢,....., ¢,
Multiplying a

...... +c y]
+a D”—l[c1y1+czy2+- n¥n
+c y 1
GOD[ I’CIJ'I-Q-Cerz + i nYn . y]+
+anD”‘2[cly1+c2y2+ ....... wYn
wet+tec y]1=0
............ ta,le;y, + Co Yo + ... 2V

. ion of equation (1). Ast:
; ZC Y +Co Yo+ +c¢, ¥y 1s'also a solution o
This shows that y = C1Y1+C ¥y + n Yn 1S 8IS0 o il
solution contains n arbitrary constants, so this solution is the general solution
solution of the differential equation (1).

44. AUXILIARY EQUATION (A.E.)

Definition, The
called the auxiliary eqy

ic coefficient o)
equation obtained by equating to zero the symbolic coeffi
ation, provided Dis

taken as an algebraic quanti_t% .
Consider the differential

equation 2
(aGD“+a1D“‘1+a2D"‘2+ ..... +a")y=0
where O ay, ay, ....., % are all constgpig :
P
e
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AN 1T A f i " ol & & 3 _'. e,y A4 '_, "f' ‘1"'”‘1“73"!"{”"
mmj&i. FQUATIONS WITH CONSTANT CO-EFRICIENTS 7 77 as g
IFF \
' mt he a golution of this equation (1).
et o™, Dy = me™*, D = m?™,....., D"y = m" e™ in equation (1), we have

“,ninﬁ) =
(‘nl (an "]" + "1 ”"" ! + n2 fn" 2 + ----- + a )emx = 0

oM # 0 for any m), we have

. my (‘-

lling ' .
\ance n-1 n-2 =

C agm" +am +am" T+ L +ta, = (2

w1 will be root of equation (1) if m is a root of the algebraic equation (2),
Hence ¢

on (2)is € .alled the auxiliary equation for the differential equation (1).
Faual 10

Rtis observed that the values of D obtained on solving the equation

n n-1 n-2 -
a,D +a,D""" +a,D R +a,=0

_ ame as the values of m obtained on solving equation (2).

e g, D"+, D" "1 +a; D"+ + @, =0 can be regarded as the auxiliary equation
limeo equation a; m" +a; m"~ ! +a, m" s S +a,=0.

Therefore in practice we do not replaqe D by m to form the auxiliary equation.
he equation in D may be regarded as auxiliary equation which is obtained by
ling to zero the symbolic co-efficient of y in eqitatib_n (1).

7

5. TOFIND THE COMPLETE SOLUTION OF THE DIFFERENTIAL EQUATION

(@,D"+a, D1 +a,D"-2+..+a)y=0.
The given equation is
(@,D" +a,D"! +a,D*"2 +....+a,)y =0. (1)

The Auxiliary equation for (1)is

N am" +a;m" - +a,mt=2% + . +a,=0. -(2)
ow ; San
; e following different cases arise :
ase |
When all the roots of auxiliary equation (2) are real and different.
bm,, m f .
"2 My, ..., m be the n different and real roots of equation (2).
e, y=eM* _  y=e™?*gren independent solutions of (1).
——
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L. Find the roots of the auxilinry equation »
n-? 4 o +a, =
agm" v a,m’ Py a,m

: ble.
L owing b8
2. Find the complete solution as chown in the fo

Complete solution
I
‘ Roots of Auxil iary equation ____________/

-t e + c e " -
c 1Al : _ clemlx $ cze"‘ﬂ + .. n
Ase . ¢ TOOLE,

sTerent.
rﬂ‘. fﬂ:- n'.‘l' ...... r”i‘tip—n—/

mag X
C m* 4 cge 0 +
ase I1. m, = m, are {wo real rools @ cpx)e 3
ase 1. m, =my y 4

fferent.

Case I11. (Imaginary Roots)

—
[ Corresponding part of the general solutig,

e®(c, COS Bx + ¢, sin Px) (
o  ifi, are two imaginary roots and

o c,e"* cos (Bx + ¢y)
other roots are real.

ur gj X + C
o c,e® sin (P o)

e
IV. q =B, a + ip are four Corresponding part of complete solutionjy
Case IV.a zip, @

+cC 1
imaginary roots and other roots are real. e™[(c, + sz) cos Px + (c5 43:) sin Px]

Example 1.

SOLVED EXAMPLES *

Ifthe two roots of the auxiliary equation )2 + a A+ a,=0arereal and equal, the

prove thaty = (¢, + ¢,x) €** is a solution of the equation y, + a,y, + a,y = 0, wht
¢, ¢y are arbitrary constants,

Eolution. The given equation is

| Yotayy, +a,y =0
Equation in symbolic form is

2
Dy+“1D.}'+ﬂzy =0
or

(D""+alD+a2)y =0
Auxiliary equation (A.E.) is

2
A +all+ﬂ2 =0

The roots of (2) are given to be real ang equal
Let each root = ),
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D-ND-1y =0

r.":U"VCget
=M "
e M-Mv =0
il—’- =\
dx
D dy
v
- logv =Ax+loge
atings
o™ logv-logec =A%
log2 =h2
c
L v=ce** |
c

(D-Ay =cet*

dy
-Ay =c.e
di y

hichis 2 linear differential equation of the first order.
LF. = o) M g2
Hence, the complete solution is

y.e M

.LuJ’

v

o

N

—D m"ml n\a- WT\

need and "-‘bé‘}’lw(@f
m\ + W\, \

Cre" ™y e
D'nﬂmﬁm '

LQJ M||M| - - .N“
= ey Sl trd Aj v

Y= (et ™ s

Eng
OFY »(-a neol pant

Natah

\f‘- 1,&7! | C;_,'-j ,]}U’It

complodi - v=D-1y ¥

Ic.el’ e M dx 4
= chx+c'=cx+c

y =(cx +c') er*

y = (c; +cyx) €M

Ifa,»,

13eh1x
sghi 9y < ax

d2

- Iu o )

A
RO

297¢ real and distinct roots of the auxiliary equation \* + @\ + s =

are its solutions, then prove thaty =c¢;¥;+ €3z

l'lltl
. on, '|‘hE
Lu“haly Equatlon 18 ?L + all + az b 0

y= e'(licl MB**C:_SWE:
D = «+itf, «+)P

n, 3_: RC‘.* CJ)"-(KG-S&']
+e 'fcl)S;nB:{J

e" [cxcaa&_wtc.;s»n&
(('3 Co3 3__ 4@1
i

5’:3__'_

=0and

is a solution of

(M.D.U. 2001]
D)
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B B 1, T
y

4.8 IR e G T
)

o two independent

\ e

Since its roots are A, and Ay (A, # Ay | f
golutions ©

LM X
yy=eM® and yp=¢ ' A

D2y +a,Dy + @Y = :

D2y, +a,Dy; + 251 = )

= 0 “|
and D2y, + a,Dyy + %2 Y2 1
we get

(4) by ¢, and adding, o
| +a,lc1 Y1 =

Multiplying (3) by ¢y

D2[c, y; + C2 ¥l + %1

+ Cqy¥ol
i i equation
This shows thaty = ¢,y + €2 Y218 2 solution of ed
D2y +a, Dy +a3) =0
ie y=cy ¥ +CY2 is a solution of equation
L., y=c
2
—3?—‘;— +a; % +ayy = 0
) x

Since the solution involves two arbitrary constants and the order of the given equatj,

k also 2. therefore this solution is general.

' Example 3. '

Solve the differential equation

d:“y dzy dy
2—-7—+7—- =0.
dx? dx? dx 2y

Solution. The given equation is

+uo Value sg P pef camys
Y= ce” 1,68

d3 2 v
2——2'—7£i—'3’+7£3—’- Yy =0 = b1 1|
dx dx dx | . |
Equation in symbolic form is = 42 &
- (2D% - 7D2? 4 D-2)y =0 Rg’r r-;_j—_;___lﬂl
Auxmar'ye‘quationis 2D3-7D24+ 7D 9 =0 D=1." |

Le., (D-1)(D-2) (2D-1) =0
ol ¢ .
D=1,2 = P =Sttlzo
2 5 > pe

) : p) YD -2l
ere, we have three real and different roots Ih . 2)- ) ( DI
: J '

Hence, the ¢ oo o
) omplete solution is y = ¢, ¢* - i
=c,e +¢ 921‘ =3 o | P S o
P 1 2 +C3eI/2. ) i - 0 ; (:r}‘}
] 1  fony A n
As we have already mentioned in Remark on page 4.3 F RIK gl
bt

shall be taking the auxiliary equgtiﬂﬂ

D instead of m thro ughout this book for the sake of convenien
| ce.
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o
- — .

_ |
lic form is D os o= ’ / 2. - :;7- - u ZQ.,
(D4~D3—9D2—11D—4)y=0 /-
2 _ —4 =
D“‘\—Dla-—QD 11D-4 =0 5 3- an_ 30-
D+1P¥D-4) = B

Pp--1-1-14
Here, we have three equal roots an
Hence the complete solution i1s y =

d one different root.

(c1+c2x+c3x2)e *+c e 3 B [_E,

5> - @b+ D-HFO D¥-3D-\Y.g
DN H) +1 C'D - 4) _,,,L:E—LD*L:D_’LJJ
Solve the differential equation (D* + 5D2+6)y=0." (K.U. 2016]

Solution. The given equation is

(D4 +5D%2+6)y =0 'D c t -
- The auxiliary equation is D* +5D%2+6 =0 {. Ly S+ 6
(D2+3)(D?+2) =0 +2 + 342t 6
- D=5 3i,+2i (4t 3p2(t13):

S - - 2
86, we have two pairs of complex roots, D = ++/3i,* 2i T o =

Hence, the complete solution is D= W * IR
y = : : sJ/2x+c, sin V22 2
clcosﬁx+czsln\/§x+cgm 4 "b s ~2, -L\JE'

Y 4 N s . 1 2 - “
. . Da “F =+ 3:

Vi J ‘ ' Ly l . \ ' 'IT'\“N r-‘ ; :'.‘-

U / &'l ' h

Solve ¢ ¢ 2
edifferentia] ¢ T L A dy \
quation + 3 = 0.
dx? dx - ik
ion, Th 2
® given equation is d_y R +y=0 |

Writ;
€ equation ip symbolic form, we have

RS |
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or

[a20]

or

or

| Example 7. |

b

The auxiliary equation is

D=

Hence the complete solution isy = ¢,e

Another form:

_ 41:\/1_6—:71':

y = 821 [(',‘1 (CUS]]

y = e* lley +¢3) cosh v/3x + (¢, — ¢p) sinh J3x]

y = ¢2* [A cosh +/3x + Bsinh ng];

ar

or

or

Solve the differential equation

Solution. The given equation is

The symbolic form of the equation is

Auxiliary equation is

(D% +a?)? —-2D%2 =0
(D2 +a2)? — (42 Da)? =0
(D? - ﬁDa-#a2)(D2+1/§Da+a2) =0

= —++7

2R

2 s aty=0
4

dx—i}+ﬂ4y=0

(D*+at)y =0
Di+at=0

. a

—_—

2

AR NG
(D2-4D+ 1)y =0
D2-4D+1 =0

2

}j:-b('-t—

e

J3 x +sinh J3x)+cy (COSh‘J?—’x'Sif}hij)]\\

T —

oo b \AY
1B Ty

g = a«i " t;Oﬁ fpn + ﬁ';;{,?;ﬂ ffi‘n}

[K.U. 2018; M.D.U. 2017 |

O >, fyap+a-0

D ._ ";ré_o«i ' dal -Yal

Hence, we have two pairs of complex roots, piz-
"

Hence the general solution is

—_—

a
_75.,( "
y=e c; CO8
R

-a

=0 a
a - X
y:eﬁ CICOS(‘J_E'x'f‘Cz]'i‘eﬁ CaCOS[-—CL_

. a
X + ¢y 8In -J_Ex]-}.eﬁ

—

V2

N
D - "‘ja-Q Ji‘ J-:.&?-
———
R = J.-.SA_C.:L-.-Q_ )
= -Q I': a
NN
a . a a .a
Tl—, —+i—
2 V'V 2

a a
C3 COS —=x + ¢4 sin—=%
[ V27T

x+c4]_
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SGATIONS WITH i CONSTANT CO-EFFICIENTS

.“’_’-‘ Ty R EAS B
PR
R vV o
I‘ - - -

‘ Jowind d,'marpnh'alvq:mh’mm Q. 1-101]:
L h ﬁ],ﬂl
!‘f
L 2. 4y _13H 1950
N 2 ) ,!.f-"—' 4 ﬂh,\' = 0 (lx] d
] i;:i’('“b dax
) 2
: d\ 4- é_-;.'_ dy *’4_y 0
a's\' .'i‘-l G\'=0 dx dx
b dy_7 ]
5 dx
av | |
d°y dy 49 _gy=0 6. (D*-2D%-4D+8)y=0
REE S
d
9 8. .“‘i"+43’=0
ﬂ:‘llg)'”ﬂ dx l
F 6 4 2
2. io d’y d’y +12d + 8y 0.
'y 1392 436y=0 . dxﬁ 2
_...-—d:‘ It
h ax + ¢, sinh ax.
Ifd!" a‘v=0, showthaty-clcosa.x+c251na::_c+cscos 4
L
; = Z -12.
d’s $4§x_+3x-—0 giventhatfort=0,x—0and =
&I\P-Et'—. dt
- . ' 2 for s
dz}"y=0,g‘iventhaty=2f0rx=0andy=- 0 x—2.: |

3 Solve —- +
ds*

. y=c, e -bx
-_y-cle +028 A

'%_7=cle"+c2e“2”+c3 e

b y=ce s (cy+cyx + 1,27 ) ™
..3"=‘-'1005ux+czsinpx

"f'#eq (¢) o8 1 + ¢, Bin x) + ¥ (cy COB X + ¢4 sin x)

o

B O ""‘9235-1-(:2 sin 2x + ¢4 €08 3x + ¢, 8in 3x

B 2o =
V=l 4 eyx 4 2% cos f2x + (¢ + C5% + X ) ST V2

ip X
13, y=200s 8257

Scanned with CamScanner

_4.11




ﬁn.\‘ = A, W N ...(2)

T

ng(Hw.rb D, we get
D) = 4 (D) + (D -a) ¢’ (D)

f'(@) =¢(a)

pifferenti

1 e X
from (2. fo° " f@

=x _i_.em:-x -—1—€ax
o T d
=1 (D)
e = x. e iff(a)=0.
fo). T d ' o
dD[f(D)]

_ SOLVED EXAMPLES

£ o Complmeaten, Lol N
pP-T - Pfcﬂl'cu(,m idggq_ncd‘

Solve the differential equation
4%y 69, 35y 104¢% . KU. 2013, 03; M.D.U. 2007
dx*  dx
Bolut; : f
*on. The given equationis 4% + 6% + 25 y=104¢™
dx? dx

The 8Ymbolic form of the equation is

(D2 + 6D + 25) y = 104 €™

A e
iliary equation i D24+ 6D +25=0
D —6+36-100
2
|
frnaar . it Gameann
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-\
Cr= X

or £em po 8%y-64 68 _ 5.4
= | an 2 2
fieD 1 104 €**  [Putting
wmd . PLeo b g S
D= ST DA 6D 26
104¢* _ 93
T b2
Thus, the complete solutionis Y = C.F. +P.L i+ 26
or y =e 3 (c; CO8 4x + Cy ST '
l Example 2. |
d’y Y g, _ %
Solve the differential equation T 6—— o +9y=e
Solution. The given equation is fiij—’ - b +9y = e’ (1)
ution. The gi T dx
The symbolic form of the equafion is
(D2-6D +9)y =¥
Auxiliary equationis D?-6D+9=0
(D-3% =0 = D=3,3
CF. =(c; +cyx) ¥
—_ 1 3x - 1 3 . 1
~ (D-3)? Al (3 - 3) L [Putting D=

1 3x
0 ¢ »Whichis a case of failure

Pl = —— 3% _ 1
(D—3)2ex_x' e3x=£. 1 631
. 2
2D (i) 3) 2 D-3
x[ 1 3] clou vadi p
=—=|——¢ X
2 3-3 [Puttmgp=3]
A ,
[Again a case of, failu”
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jon | LF, 4+ P
9(1]“[.10“ sy = C.F. A,
the complete )

x
= (¢) + ¢y ) ™ ot

Hen®®

Jx

dzy dy e
) Solve the differential equation i 8504 dx +6y=¢e

d%y dy N
+on. The given equation is ;l-x_- dx +6y= et
e mbolic form of the equation is (D2 — 5D + 6) y = e**
B
- Auiliary equation is D2-5D +6=0
1 (D—2)(D—3)=O = D=2,3

CF.=¢ e + ey o3

PL = 1 e4x = 1 e4x
T D?2-5D+6 (D-2)(D-3)
1 =\ 1 1 4.1: :
e+ et f.. “1D_3 D-2 [Resolving into partial fractions]
A_F : &
o e, \ _ _
t_-;}:t.. ’- =___1__e4_.¢_ 1 841 'D-:_(X < . JC ‘()()(c(»r
D-3 D-2
. [‘ :"___h_!: =ear Iﬂ_3:-34x dx — 2% Ie—2:.e4:dx
E '

,, T.i"r- . _eaxIe:dx p2% J‘erdx=83x e* _ 2% e™

- -T2 \‘ "9

T:.Fr ,I = e** —e4’=le4"

B ¥ 5

Hence, the complete solution is y = C.F. + P.I.

2x 3::. 1 4x
R y = cie” +cqe +-§e :
v fa
E m'r 2
¥ | Solve the differential equation 4\ a? y=secax, [K.U.2012, 09, 05]

dx?

Bolut ——2

1on. The given equation is a g’ +a’y =sec ax
The g
| Ymbolic form, of the equation is

(D2 +G2)y NS

Scanned with CamScanner



. . w
. - Auxiliary equation is D2 +a%=0 g
Le., 9 : '
D? = —a”* ——""ﬁ t_<‘
- D =tia=0tid
O, =" (o) o8 ax + Cg BIN ax)
= ) cofa (1x + g ain ax 5
1 J ] gec ax
NO\\*, l‘,l_ = .Tz, - 5 ) R(‘(‘ a-l- - ! a,') (D = aL)
!] '-r --nJJ'nf (ach &)
. ? L -——-L"‘ 1 gec (X
o I'L=:‘Z_(_rf D-at D+ai
1 g}
- —-——-——*I sec ax __———8ecC ax} |
=“2—(;T[D—ni Drai, . b0 Lcind
o EYTVEEN Ao eMm € -
v =8t —iax " 5 jax d |
1 | iax J‘ & e g | = x [Using theorem, Ary,
“%ai | cos ax cos ax y
cos ax + i sin ax i
— —dx

—i{sin ax —m
e [ CoSax 1SR gy - | = cem
1 01 J’ dx 2ru cos ax )

_2'_0_5 cos ax
[ o etiB —cos 90t isinB (IEU-IEHs'thGOrepi

. _ _ 1 +i tan ax) dx
j(l i tan ax) & ZGL -[(

—-——e

2ai
1 i e~ 1% i
__— ¢ |x+—logcosax | =" x — — log cos ax
2ai a 2ia a
‘ ‘ - [z (™ - e~ %)) + ——15- log cos ax (@ + e ")
¢, 10 @
'ﬁG;E +C
2 _x P il | elet 4 =i
=2 |Z———|+—5 log cos ax
' '@ a 2L a 2
6 - el
AQsS—g— _x._. 1
e? = — sin ax+710g (cos ax) cos ax
a a
i0 , —i0
. e +e :
cos0=>—"- and sin@=

x . 1
=-smax+—2—cosax.logcosax

a a
Hence, the complete solution is

: X . 1
y =¢;cosax+Cy SN ax+ Esmax+;2-cosaxlog(cosax).
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» ,@ﬁﬂﬁﬂ S AT

.

Solve the differential equation
d"y+ Bicd i b
dv' y=3+e " +be IM.D.U. 2013; K.U. 2013)
A
. \ ) y - - 5
The given equationis :i—t? +y=8+e ¥ +helt

golutio™
holic form of the equation is
" (D34 1)y=3+e-%+ Ge
quation is D3+1=0
(D+1)(D2—D+1):=0

277 9

- hesY

. Au',\'ﬂi ary e

=-1:
. D=l

CF.=ce " +e*l? [Cz 008§x+ C3 sin?:gx]
: 1 -x 2x
- d = (B+e " +5e™)
5 D3 +1
SR 1 0x 31 =% 1 5 31 g2%
2™ D+l D +1 D? +1
1 Ox 1 —x 1 9
= 3. e + ) e
0+1 -1%+1 2341
= 3+%e-1 +_g o2 [Case of failure]
1 L 5 2x — 1 -X +Eezx
=3+x. T e"+-—e"-3+x.—-—3D2.e 5
— (D’ +1)
dD
- -x
P S 1
3(-1)? 9 3 9
Hence the complete solution is
-X 5 2x
3 A 3 Xe L Ze*.
J»’=Cle"’+e""2[02005—2—x+casm—é—xJ+3+ 3 9
17
d? _ [M.D.U.20
Solve the differential equation €Y _y=coshx.

dxﬂ

Bolug; 2
. Ution, The given equation is ﬂ_ -y = cosh x
. I

P Auyot: (D2-1)y =cosh x
. qullaryequationis D2—1=0 - D2=1 — D=:tl

S |
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CF = e, & + c,e”*

1 o, N
and Pl = -r-)T-—l' cosh x = Dz- 1

| | -
r_h'_J'r‘."lk C J @ 1
___:)_,,.._. 1 1 e.t +l_ e"
7 2 D? -1

¢~* , which is a case of failure,

Hence, the complete solution isy = C.F. + P.L.

- ! - x _x
ie. y="cie” +cye "+Z(e"—e ).

dt® ¥

show that, x=a+ (a-a) cos.‘/% A

. } dx
Solution. The given equation is —Jt-z— + % (x-—a)=0

—di? b
The symbolic form of the equation is

(Dz +£Jx = E‘-, where D = L2
b b dt

Auxiliary equation is D2 +£ = 0

I
H
Y
[
o
H+
|oq

D

CF. = ¢ [‘-‘1 cosJ%.t-i—cz sin %t}
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or j-rdxp_u-iﬂi'rff L/cm':f:le.~ _d_2_x+g _%.:1:0 ,cjlx -i%u.:ﬁi.

2
, Examp!e?.'lfdx —i—(x—a)=0,(a>0,b>0,g>0)andx=a,%=o,wheni=£




o the complete solution is

x =0 cong.t+c23inJE,g+a
b b A1)

“‘henfzo..i':G
~ From (1), a=c,c080+c,sin0+aqa

(Given]

a=c;+a = c¢,=a-a

Differentiating (1) w.r.t. ‘', we have

dx g . |&
E:-clJ;st;.t+c2J%cosJ%.t -(2)

wﬂﬂlf=0, E =0
dt

Substituting the values of ¢, and ¢, in (1), we have

[Given]

x = a+(a—-a)cos {J% . t), which is the required result.

EXERCISE 42 .

the
fou"“"“g differential equations [Q. 1 - 121 :

d*

{ dy
?If*‘dx"‘!y e
det ~ dx+ky=e i
¢, )
e

dx+4y=e2‘+e-2x
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My
; ' 23D +2)y =cosh
8 W i% 4 d—‘ +4y = 28inh 2x ‘{/”)/ (D Y *
- d‘ d\
" d_—l‘ -7 dy b By = e, given thaty = 0 when x = 0. M. U
da® oy Uy,
9 2
a 3 f] l y dy v 2
d'y % dy ,,tl'_\' _ l ‘9 .——6 +11 = f)y:g"‘
hadl” SN TN (ki A .h' t' Y cosh x . 19 R /
s~ . 0 o / I lx x
tf\"l dx’ dx ax, €
IK.U. 2016]
.;'-"_,. a jf_\ _5 ris_ + By _(,"h 1 .Cﬁ-;_' +y=cosecx [K.[] 2017’ 15'MD U
10 58 TR dx s Tl
d?y
a’y & —= +16y =sec 4x
L 18, —=+y=secx 1 )
\-1 dl’ \-}/ dx
IM.D.U. 2011; K.U. 2004] M.D.U 2014,
JA. (D*-3D+2)yv=cose* [M.D.U. 2007 '
1 -ax ax . .
\}5 Prove that TP X= J (e™. X) dx, where X is function of x. IM.D.y 0

[Hint : Proceed as in Art. 4.10, page 4.14],

L

L )’—clez-qe 2%, 1 2

21 2. y=cieT+cy e +x
3 '}'_(C1+C?x)e’u+ 1 x _x 1
e 2 —.C » ry

(1_k)2 4, y-—(c1+c2x)e‘+cae 2+§x2ex+1
9 2x

5. y‘—‘(Cl *sz)e +e___+._1_x2 —2x

16 2
6. (i) ¥y =1(¢, 4 - 2x 21 I2

1+Cyx)e ___..____ - 2x 1
. i 16 2 e 1 (“-) y=clex+f.‘2ezx——x—ex +.l_e"-r
5 2" 12

7. ¥= rl(; m]-}-.].(,,‘ix sz) .

- - 3 x
9. g B, Y=e%le) + cgx) + ggeB* 4 X g3 2%

y = c",!' + f,'z ‘J?J

@ =—=x¢
+e, f’h-x 2x 8

l“. = 1'21 2
YREE™ 4 cper togetry X

11, chlmﬂx.“_.'
12. y_('
13, y=,. . ;

y r.](.(mfixi-czslnllx.{.."f_

4, y=¢ o
]‘- +c282l_ hcﬂﬂg'x‘
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. .(ﬂ.(:m%ax...; :
—a” - p? B 8in ax)

. ar integral in case of g ,
“‘ﬂ_u.ulnr ! N ax and cos ax can b completely evaluateq
uated,

L -
> SOLVED EXAMPLES \_. .

e .
P y dy
yential equation o !
e pedifl" da? " dy " Y= 0in 2 [K.U. 2001]
: | oy %
o™ The given equation is E-x_+ i + Y =8in 2x L
& . = 2 2
A,ammbolic form of the equation is A&,
| (D?+D + 1)y = sin 2, REVR
e
Ausiliary equationis  D?+D+1 = -
_ -1+,J1-4 __1+_J§
= = ¥
2 2 9
P CF. =e ¥2 {cl cos-—\'@a”c2 sinfd—x}
1
PL = ———sin 2
D“+D+1
__ 1 :
- _22————+D+151n 2x [Put D? = 22
1
= in 2
D3 sin 2x
= D 48 sin2x————D+3sin2x
(D-3)(D+3) D%-9
_ D+8 y X
T sin 2x [ D2=-27
I
’ I__ -—-——(D+3)sm2x——T[Ds1n2x+351n2x]
0.,

= —%[%sm2x+3sm2x]
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in 2x]
13

Hence the complete golution i8

ﬁ }_____—(2cos2x+3sin2x).

3
i 1 . H’"
y= "“[v, Cof -HQ*I €y 9

Solve the differential equation

dx?  dx Z

d , d dy+y sin 2x. . 5
Solution. The given equation 15 —5t5z I 3 dx )

+D+1)y=sin2x

Lo 2
The symbolic form of the equation is (D3 +D

4
Auxiliary equation is D3+D?2+D+1=0 \ | CraT
G - D:2(D+1)+(D+1) =0 [:-ur) D&{-u}n.}}
g or O*+DD+1)=0 = D=xi,-1 |
P CF.=c,e *+c,cosx +cysinx —30 =3
1 N PI - sin 2x 1 sin 2¢ I° -) 1.
ow, Ao = = . ‘
i D’ +D2+D+1 (D+1) (D2 +1) KL
5
= .sin 2
D+D22+1
1 1 D-1
== .8in 2x =— = _
3 D+1 3 (D+1)(D 1) In 2x
__1 D-1 | 1 D-
=TT 8in2x=-_, ; . '
S DSl 3" -4- 1 aEH S [Put D?=-1
1 A 4
:—..(D_ . B 1 .
15 l)smz-"-i—E-[Dstx—sinh]
-Igf20052x-sin2x]
Hence the complete solution ig -

=0 e".t
Y 1 +c2c08x+c

3 Sin x+———[2 COS 22 — sin 2y,
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the differen tial equation

d"y d’y dy
e —te o .
dx®  dx® " dx Y T €08 2x.

, S"’w‘

! . . . d”y (12 y rly
qolution: The given equation is _d? + dx.ﬂ N r_bz T

Jbolic form of the equation is
(D?+D*-D-1)y = cos 2
Auxiliary equation is D+ D*-D-1=0
| D2M+1)-(D+1) =0
(D+1)(D%2-1) =0
MD+12(D-1) =0
D=-1,-1,1

CF. =c,e* + (cy + cgx)le =

- Thesyn

P 1 1
PIL = . c0s 2x = GO
Now, D*+D?2-D-1 _Os ¥ @+H@F -
; 1 cos 2%
D+D(4-1) s
1 1 1 D-1
=——, .cos 2 =l=—, . :
5D+l 5 MeDDo1
1 D-1 |
= . COS 2x
5 D?-1
1 D-1 = 1
_——— 20 =— D—l ‘
5o 1 cos 2x 25( ) cos 2x
——1—(D cos 2x — cos 2x)
25
L - pod
=2—5-(—231n2x-cos2x) ' [ D dx]

1
= e 2 1
25( sin 2x + cos 2x)

Hence the complete solution is

y =cye* "' (co +cgx)e™* -—215-(2 sin 2x + cos 2x).
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I Example 4. I
) dg 4y=e"+ﬂiﬂ2x.

Solve the dfﬂ'rn'nfml equation {
* 4 gin 2x

LAY gy e
given equation 18 A '

Solution. The -
. (D2-4)y=e*+8INn
The symbaolic form of the equation 18 (D )y
Auxiliary equation s D?-4=0
D=+2
C.F. =c,e” +¢y P
e e* + ! sin 2
X ’ = ]
Now, P.I —D 1 _(e* +8in 2x) B 4 o .
=— . - .
' T
- e” - L sin 2x
8
Hence, the complete or general solution is
Y =0132T +cze—2:€ _lex —lsinzx.
3 8
, Example 5, I
d? |
s [K.U A

Solve the differential equation dx_g’ + ¥ =sin x sin 2x.

(D + ‘JJ (3 V030

Solution. The gi ion is 97 ' 1
e given equation is T + ¥ =sIn x sin 2x.

) | Asinf sin \3 = |

e symbolic form of the equation is (D2 + 1) y = sin x sin 2x (Oﬁ ( —(ri( ;
Auxiliary equationis D2 4 1 = 0

Le.,

D=+;=04+ [ C

. C CO

Now, pr -1 i 1
P E g ‘
D2+1 nx8m2x=5——ﬁ[ (2sm2xsmx)]

11
( = |
2 D? ;7 (€08 £~ cog 3y ["'2sinASinB=cos(A—B)—COS(A+H

;
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Example 6.

Le.,

Con x
: p " con Jy
(D* 4 9
dD k) |
! CO8 ax 1
X =y, '
0% m.cosmzf f(-a2)=0(caseoffailurej
dD
1 1 1 1.1
—|x.—.cogx 4 = EALa
2L1 o5 osx+Bcos3x--E[-2— -ﬁcosx+—-cos3x]
1[x . 1 |_x
EL—z- Icos:udx+-8-cos3x_=:1-smx+—£cos3x

Hence, the complete solution is

y

=C,C08x +¢

d2
Solve the differential equation & Y

dxz
2

Ll x . 1
sSln x + —SIn X +— cos 3
2 X,
4 16

+a2y=sinax

Solution. The given equation is El_% +a? ¥ =sin ax

The symbolic form of the equation is (D2 + a?)y
Auxiliary equation is

Now,

D

CF. =gl (c, cos ax + ¢, Sin ax)

D24+q2 =0

=tia=0%ia

= sin ax

=, Cos ax + ¢, sin ax

[M.D.U. 2009]

[Case of failurel

Scanned with CamScanner



& 7’@

BT I SN T o M e e e e ey e "
[434] B Ul 24 ‘ " ORDINARY Dﬁrﬁi{' !
N
. . ”"i}}i
B l B cos ax _ — X CO8 ax
) ( a J 20

" . x
Hence the complete solution is y = ¢, cos ax + ¢, 8in ax — oo €08
7 :

Solve the following differential equations [@. 1-5]:

L dy g dy :
(1) ?*3-§+2‘y=sm3x () (D*+ 6D%*+11D+6)y=2gip,
(i7) (D3- 2D%2+3)y=cosx (v) (D¥-1)y=sgin 2x KU 2014; M,DIUIM
1
d4y : d4 9 d2y
(1) —y*ty=cosx i) 22 1o +nty=
D (i) 7 e ¥ =cos mx.
. d"y 4 . > o gi)’__ ol
(1) E_a y =sin ax | (ii) oy, m°y=sin mx [KU--EGE
4, 2
(iii) d—i+2zg+y=cosx
(i) (D*+1)y=sin’x ) DP+1)D*+4)y=cos (%J cos [32{)
(i) (D?+1) (D?+4)y=cos Zsin > (i) (D?-4D+3)y=sin 3z cos 2«
(M.D.U. 2017] ' ' [K.U. 2000
() (D2-4D+4)y=e" % +5cos3x ‘
3 - d2 ) _ ‘
(i) d—?;-+y=sin3x-c052§ (i) dx—g+4y=e’+sm2x : b

dx _ r

dy d%y dy
(i) 3—+4 — 2y =e* +cos x.
s ek irn o

tJ'
Solve —5 d’ L2 +2%+10y+375m3x Oandﬁndtheva]ueofywhenx— I ifitisgiventhd
dx*

dy
and —==0 whenx=0.
dx

2

1
\
l
d°x 2 dx .
Solve 2% 4+ b%x =k cos bt, giventhatx=0and — =0 when £ =0.
dt? dt s

&

E

A e R
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NTIAL SAUATONS WITH CONSTAN R CInEEESaR s i L——

e

( 9 .
. “21 ' ain x4 oo condx
¥ __,‘-.It‘ + "‘2 ]:]n “"'

9y COHX

AR . g -
YoMt I eyt h

~ -

M 3 e s I 1 :
X & P‘.’-' lc.z CDS-{Z—— x + cg 8in _é_ I] + % (b cos x — 81n x).

gin 2x
16

) y=€ & $ 0y T HCyCOSN +Cy sin X +
! . -

[ X .X _x/2 x o X 1
N2 08 —— il Ca COS ——= + €4 8iD —= |+ S COS X
@) ."ﬂr {q y J2 + e S 42]+ [ 3 J_?: 4 42 2

} ( Vo 5 cos mx
1) CcoS nx + (¢, +C,x)S1D nx .
3 4 (m2 _ n2)2

i) y=;+6

: X
. — ax
() yv=ceZ+ce 03 oS ax + ¢, Sin ax + o cos ax

. x
e"“—’+c2e"“‘-"+c3 cos mx + ¢, SIn.mx + 3 cos mx

(i) y=c¢
o 4m

2
(iii) y = (c; +cyx)cOSX + (c3+c4x) sin x — E—cosx

(i) J’=e_~f%:[clcosf_z—+cgsin—j?]+e_%x[c3coij_2—+c4sin—j—i—:l+%—3—i—c052x
(i) y=(c,cosx +c,sin x) + (cg 08 2% + ¢, 8in 2x) + %[sinx——;—sinzx]
(iiiJy=(clcosx+cgsinx)+(cﬂcos2x+c4sin2x)—TJ;‘CUSI
() y=cpe* +c233" +—-}-—(—— 11 sin 5x + 10cos 5x)+—1—(sinx+2cos x)

884 20

) y=(c; + cox)e®* i-“‘——ﬁ—-(12sin3x+5cos3x)
1+ Cox)e +36e 169

l (cos X — sin ¥)

1 1_
+———[sin3x+27COS3I]"‘2' 2
730

a 4 . 3
@ y=cpe x+e’”2{c2 cos—:—x+ca sin -
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R

[a3¢]

| bt o4
GLE Oy .. —xcondxs—e,
(1) y =0, con 2+ ¢, nin 2¢ , 5

1
in x+—cos x,
i) y =0t de tr,rnnl’rrqﬂlll.t)!-xﬂ"J- 105 10
6. .\--r"Ir,rnn:h-+r'2nin3x)+ﬂcr153x—sin37c;y=1-

X = ’—’— gin bt.
2b

" where m is a positive integer.

1
: t x
4.12.3. Case I11. To evaluate )

_ , 1 . :
To evaluate the particular integral ——.x™ , where m is a +ve integer; from fm,

f(D)

out the common lowest degree term and the remaining factor will be of the form [1 . oD
l.-

Take [1 + §(D)] to the numerator with negative index and expand it by Binomig] theor,
The expansion will be made only upto the terms where the index of D is m, because m+1 "
multiplied by x™ (i.e., D™ * 1, x™) will be zero. Operate on x™ with each term.

Important Expansions. The following binomial expansions will be commonly yseg;

these type of questions : bino mied " ¥
Y " " Jet
L (1-D)-1=1+D+D24 D%+ ... toco, VT = (o 2 0> +"C
r\ \K'n’:, 2.
2.(1+D)-1=1-D+D2-D3+ ..... to . €3 - B SR

3.(1-D)"2=1+2D+3D2+4D%+ ...+ (r+ 1) D" + .... to co.

4. (1-D)-%=1+3D +6D2 + 10D3 + +Ei)(r—+—22D'+ to o.

I Example 1. I

\J L 2
Solve the differential equation d_-?_ 4 2
de? VT

. r| . g
Solution. The given equation is —Z—x% ~4y =x?

The symbolic form of the equation is (D2 — 4)y = x2
" Auxiliary equation is D2—-4=0 — D=+2
' CF. = cl'eh +cye Zx
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X ’
_4(1—“ ] 1 4
4
1 n?
- 2
- > [.\:2 +— D? (.x:g)J
4
1 2 1 1 2 1
==—X +=,2|=== o
4[l 4 J 4[x +2J

xirnn‘- the com

golution- The
¢ symbolic form of the equation is

2

d’y dy

given equation is — + —=—
dx? dx

plete solution is y=c e +cye ™ _Z(xﬂ i

. . . d%y dy
Solve the differential equation —d? + o

[By Binomial theorem)

[Retaining terms upto D?)

3
N

-2y =x+ 8in x.

[KU. 2019, 12]

2y=x+sinx

Th
D2+D-2)y =x+sinx
Auxﬂiaryequationis D2+D-2=0
D+2D-1)=0 = D=1,-2
C.F.=cle’+cze‘2"
Now, PI = 7D (x + sin x)
1 1 )
=— ThE—s sin x
D“+D-2 D“+D-2
= 1 x+ 1 sin x
of;_D p?)  -1*+D-2
\ 2 2)
(. p D)’ 1.
=—=|l-==— X+ .Sin x
) 2\ 2 2) D -
B 2 -1
=_l HE 2+_D_ X+ D .sin x
2 2 2 (D-3)(D+3)
.- (D" D? D+3
e Iy N e e x+ .sin x
2 +[2 2] J D’ -9
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s by

._.l X ;ln(x).’f« D+3 .8in x
ol" 2 ] -1-
& (.\f } 1\ —I—(D +3).8in x
2\ 2) 10
1/( A | a ‘
=~ —|x+—=|==—(Dsin x + 3 8in x)
2\ ) 10
( \
._._.l g Mt —i(cosx+3sinx)
2\ 10
Hence, the complete solution is y = ¢ e* + cye”%* - 1 (x + 1) el (cos x + 3 g
2 2) 10 SIn ),
I Example 3. I
d? d
Solve the differential equation dx—g_4ay+4y=x2+e"+cos2x. [KU-201¢
. . . . d2y dy 2
Solution. The given equationis —= —4 =2 + 4y =22 + ¢ + cos 2
dx? dx
The symbolic form of the equation is
(D?2-4D +4)y =x2 + €* + cos 2x
Auxiliary equation is
D2-4D+4 =0
Le., MD-22=0 = D=22
CF. =(c; +cyx) e®
1
Now, PL =———(x* +e* + cos 2x
D? - 4D +4 ‘
=——L_.x2+-—;1—__ 'e‘:+ 2
) ~ D’-4D+4" D?*-4D+4 D’-4D+4 o
HE l’f: -un | [ 1 2 1 1
- = A0 = x“ + e” + cos 2x
] “ J! ¢l1-p,D* 1°-41+4  -22_4D+4
4
9-1.
1 D2J
=—|1- D-—_ .x2+ex__1__1_
4{ [ 4 - 1 Dcos2x
1 _ ( 2\2
=—|1+D-— 4 D-.I_)._J + 2, 1
4_ ; o |t x“ +e 1 Icostdx
1 D? .
~1 1+D‘j4--+1)2+ ..... ]x2+e‘_l SIn .
- 4 2
T — 00 B
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”

C.F.
w, P.L
; =

Hence th

W‘"‘“‘“‘ _

3 2 2 o« 1
—[1+D+=D%+....|x*+e* ~=gin2
. 14 1 -l f P In 2x

-

 EQUATIONS WITH CONSTANT CO-EFFICIENTS 7

-

1 L

, J ‘ " ;
1 2+ DH = 112(.\"‘)\ be' - I 8in 2x
4| 4 8
T

. 3 e 1 .
LN BFC I T ‘—z-]u' —an‘&x

4

o complete solution is

1 p
v o= (o) + cpx)e + " [xz + 2x + %] +e* — % sin 2x.

C ole 4 I Solve the differential equation
ExampP™
2

(D +1)(D2+4)y=cos—;—coa3—;-+x,

T A N g ST ped) P
0 F T R e L < U T

[M.D.U. 2016)

2

fon x 3x
Solution. The given equation is (D% + 1) (D2 +4) y = cos (E} cos (__) $x

. Auxiliary equationis (D?+1) (D?+4)=0 = D==;,+9;
; (¢, cos x + ¢, sin x) + (c5 cos 2 + ¢, sin 2x)

1 x 3x
5 COS — COS — + x
(D? +1) (D? + 4) 2 2

[}

n

1 1 [Bx) [x)
—-2cos|—|cos|= |+ x
+1)(D2+4)[2 2 B

(D?
1 {1 (cos 2x + cos x) + x] N
(D? +1) (D? + 4)
1 1 ! . 1
E{(Dz +1) (D2 +4) cos 2x + (D? +1) (D2 T4 cos x]+ o~ T .
lc052x+_l_cosx+ 1 B o |
v 0 D* +5D2 + 4 ase of failure)
: :D“i5D2+4) o 2“_5'5.(1)4 : o 08X |+ 1 D——-—‘ Sf“?:m?t
dD ap (D" +5D? +4) 4[1+ZD2+T] 2 93 Gy,
D - 1 2 C’F\(‘)d}ﬁ

X
2

e

=k
ki 5., D
[Put D? = — 1) 4[1*'(74-1) +TH
-
X
7]

x[ 1 i . 5 DS
[ GD"“”“EE"M]""Z[“LD S

CoOs x |+
10D ]

[Put D= 4]
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ol l 1
- ; - :; I Co8 2x dx + 2 J Co8 X dx} + Z|:1 - (4

. L[, 6
- : ]1"! ain 2x | Ili ain x|+ 1 ( l - ,—:- D? +..... ]x
- 112 .sin .\'.—-:—la- sin ZxJ-'r:li-[x—OJ
x| 1 x
- sin x - — sin 2x 5
12[ 2 ] 4

Hence, the complete solution is

12

‘ EXERCISE 4.4

Solve the following differential equations [Q. 1 - 6] :

. ; X g 1
Y =€, C08 X+, SINX 4+ cyCo8 A + ¢, sin 2 + —(smx—-é smzx]

Ldy__dy . d® d? N
Lo 3D, i) LYogdy - ody
i dx32 e Yy =2, | (it) 73 3dx2 dx+8y x
(Hl) 2F+5—d:+2y=5+2x
[M.D.U. 2018)
. . 3 2
2. () (D°-D2-6D)y=1x2 _ G&I)\(D4—2D3+D2)y=x3 (£ii) i%-—d—’i—sifl-l.-
d d%y 4 ‘i B WG AR de® de? g
y Y Y o Bt T . -
3. ( TR ti—F5+—= i
D =3 2t = R WO ) (D*+2D°-3D% y = 2 + 3¢2 4 4 gin KU, 21

(iii) D*-a*)y =2* + sin bx

4 () D-12D+1Py=sin2% ki
i) (D-12(D +1)2y = sin S1E v (i) 3+"’%’+£i—+y =2 4 42
d2y
b. —5+4y=¢* +5 2 d?y
oz TAY=€" +5in3x 4+ 6. -—2——491+4y=8(x2+e21+sin2x)
K.U.
; 2, +4dy 2018) [M.D.U. 2
Cor Aty =x-sing IM.D.U. 2007
L () y=ce*de oMy p-de, 1
P cha
2 4 T4z 126 +13), iy Y=ce*he 25 yp giry x+E-]-
(lll) y:cle“xlz_‘_cze-@x_l_x 3 4
2l

() J’=cl+0223‘+cae-2’f___1_[ 3
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mﬂnmm\mmm CONSTANT CO-EFFICIENTS IR Tt i, o, | R L

"l oA

3x” 1 6v),

] Dy X -"Y.)'
e e e 1 9 t Ay,

. 1 2 7 9. 9 )
WY AE T e . o 21 4o 2 g 2? | 4 oty " leos x + 2810 %)
g V14 Ea ‘ 36 97 27 20 5

o 3 o 4, 24 g sin bx
W a ™ 4 oq CORAY 4Oy SINAX = —2 | X+ = | T
oo [,‘l.' t gt a 4 (14 bl_aﬂi

2.2
+ C4x) + —;—(1 t 2x) - -é cosx + f—ge——-.

-X
1 r)+e ((.‘3
a) y= ¢l lop + 2

X . 2
Y40, COSX +Cy gin x +xet 4 (v = 2x).

@) y=6f
x 2 1
9 e sm3.1+x
; in 2x + —— s s =,
‘,zqcosmﬂ‘zsm 5 5 4 8

& +c,,x}+2r2+4x+3+4x2e2‘+cos 2x.
¥y= i 2
)y _9-J2)x 1 1 v
(-2+42)x L ¢, ol +=(x—2)+—(4 cos x —sin x).
y=a¢ Fer ¢ 2 17

(é"’ V)=e™ e Nl V, where Vis a function ofx.

| fD+a)

1
V. To prove that
4.Case P FD)

[M.D.U. 2014, 2000]
Proof. By successive differentiation, we have
D(e*V) =e* DV +ae®*V=e*D+a)V
D2(ea* V) = e D2V + ae®* DV +a 2e%* V + ae®* DV
= ¢9% (D2 + 2aD +a?) V=e* (D +a)?V
Similarly, D3(e**V) =e®* (D +a)?V

...................................................

D" (e®*V) =e®™ (D+a)"V
f(D)(e>*V) =e*f(D+a)V
1
f(D +a)

f(D){e"" il x] —ew . X

(1)

Putting f(D+a) V=X, ie., V= X in (1), we have ides

"fD+a)

Operating on both sides by o . , we have
f (D)

1 1 1 ax
e K 3 ax ____'X =—-—(e X)
f(D)'f(D)[e FDra J FO)

v
~
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1 ax - pix 1
= e Y= Tora X
In general 1 (e™ V) = e™ ! V.
& ’ £(D) € f(D+a)

Hence the required result,

Working Rule : i S

~

In general practice, take out eﬁx_gﬂd'_put D ta f9;'_:eVery.7D in f(D), so that, f{D)%
f(D + a); then operate F(-ﬁ%a—)mth Valonebyprewousmethodsas discuggeq in %l
and III. : '

Here V shall be of typé ™ sin ax or

I Example 1. I

d’y 2 | qu' v
Solve the differential equation F +y=x.e“* e
£n)
2 ) y
Solution. The given equation is EI_-Z +y=x.e2* V w Ctntf ')Cw Li
g = eV

The symbolic form of the equation is (D2 + 1)y =x.e%
Auxiliary equation is
D +1=0 = D=%i=02+i
CF. =e%(c, cosx + ¢, sin x)

=€, C0SX +C, 8in x

Now, PIL =

1
) = D21+ - )
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21 _] Lx 1
@ e : ——— N s
DAL AD 1 4 41 D% 44D 4 5

fence, the complete solution is

. 1 2x 4
y=clcosx+czsmx+ge x—'g.

" Eample2.
d’y ,dy

Solve the differential equatwn et~ g = y2y=x%.e*. [K.U. 2016, 15, 08, 06]

Soluti . . da dy 2 x
ution. The given equation is —5—3—+2y=x".e
dx® dx
The symbolic form of the equation is
(D3-3D +2)y =x%e*
D3-3D+2=0

(MD-1)(D2+D-2) =0

D-1)D+2)(D-1)=0

(D-12(MD+2) =0 = D=11,-2 I’
C-F-=(c1+c2x)e’+cae‘2‘ |

: A"xmal’y equation is
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-1
U0 It Y
ORen.y
) ; & F(k}cpD
1,1 D D” |02
IR R T } [B”B‘""’"thew
oLl dney o)
--52 D2 -x 3D(x) 9
11 2 110, xz}
“3° |p2 3D% "y
_1 o1 2 _1-_ 2 - .2
—Ee b—.[x dx 3_[3: dx+9x]
1 |L(E 2t
- D{3) 9 9
(4 . 3 2 4 3 2
D L O DR S 2 I el E N SN 2
3 |3. 9 9] 3 |12 9 9

_ L %t (3x% _dx 1 4]
108

Hence, the complete solution is

y = (¢; + cpx)e” +cqe™ % + T(% x%e* (322 — 4x + 4).

l Example 3. I

Solve the differential equation

Ly, o + 2x. 2018)
? T2 ty=e"sin IM.D.U.

. : o dy
Solution. The given equation is —+2-=
dx

+y=e" sin 2x
dz YT¢ sm
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| ymbolic form of the equation ig
- The S
Th (D*+ 2D+ 1)y =¢* gin 2

Jiary equation is D?24+2D 41 =0
;\IL“

D+ =0 - D=1, -1
, CF. =(c;+ecyx) e
k! 1

T e * by i
NOW. PL D2yoD 41 M -

e” sin 2x = ¢*

A 1
(D +1)2 "(D+1+1)2

sin 2x

=e* . ————3sin 2x =¢*

(D +2)? ‘DEidDs4 "

= . 2 .Si112x
-2°+4D + 4

1 1,
—t  —— o = — : :
e ‘1D .sin 2x 4e Ism2xdx_.

1 , —cos2x 1

=4e T _:.—_:ggl"clost a2 -

Hence, the complete solution is y = (¢; + ¢px) e™* - —% e* cos 2x.

Example 4. I : - -

Solve the differential equation -

dz

2 T2=%".e"+e .cos2x  M.D.U. 2015, 13, 11; K. 2007]

: _
Solution. The given equation is ﬂ +2y = x2 e’ +e* . cos 2x

The symbohc form of the equatlon is

D2+2)y = xzeax + e* cos 2x
Auxiliary equation ig D24+2=0

= D=+iy2=0+i2 _
C-F- & eox (Cl cos Jﬁx + Cq sin &x): c; COs J§x+c2 sin ﬁx
NOW, PI = 1 2 e3% 4 5% |
D2+2(x +e_e.co.‘32x)
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1
1 o ,.___——(e cos 2x)
”B‘z“fz(" ‘ D? + 2
1
1 2..:",—-—-—'—'——."___(3032x
=M g et
1
1 9 v~ co82x
x I, e v
=" .3 v 6D+ 11 ! D%+ 2D+3
1
1 2. a* cos 2x
o™ - sk e i ID+3
11[1+—1-1 —ff) ¢
g1-1
R S ™S PN P cos 2x
11 11 | -

2
2 D? 2D+1
1 31,- 6 D ED ] iyt — T
o |t (11D+11 TR (2D-1) @D+ 7)™

[ 2 2D +1
1 s, 6 . DY EG_D2+ ..... 12 +e*. - . cos 2x
¢ ! 11D 11 121 4D? -
b
s . (@2D+1)

—— D ——D*+..... .———————.C0s 2x
[1 D+ 121 24 Jx +e H—d-1 gos
[xz——D( 2y + 2)]——(2D—f-1)(:032.1:

21
2——2 —.2|-—
[x + 121 [2D (cos 2x) + cos 2x]
[ : le 2sin 2x) + cos 2x]
121 sin 2x) + cos 2x
[xz 12 : 1 4
121 178 sin 2x + cos 2x]
,__l_ Jx 2 12 50 1
- [x "H’”ﬁl‘] 178 [4 sin 2x - cos2x]

Hence, the complete solution ig

¥ = ¢1cosv2x +c, sinyBx 4L g3 ( 2___]£ x4+.90 1 ‘(4sm2x-°°57’r)'
11 11" " 121)"
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Solv

) dhy g @y y=n ™ (ii)
1 d.t'z .
(M.D.U. 2012; K.U. 2000]
- -l\"
i) (D2~ BD + 61y = ¢
Cdy s W ey=xlx+et) (i)

t” d_ -2 dx

dy @ | 4y=e*cosx (if)
) a’.x dx

d4 x | (.iv)
([H) dx4 y_—.e cos X :

-(ii)

(@) (D*-4D+3)y= e“cos?a:+cos3x

-:}__t‘;_" ot l n

) ¥ < =
2x

_——-(q +"5';U+

‘e - 9 .
(ii) y=cie™*+c 0™ +cge

e i L =l iy piient ety St Y g Sy ll\.llil"ﬂﬂ"

e the following differential equations [Q. 16 ] :

3:\: ¢ I‘ . 7] "". r'f' ¥ -' .. . f ! ;
() y=le+ey)e+ S (20" SAmEBNEEHE &

.9-?-] ? 1'ag

0518 oy 2

3
_c_l_y__'] dy 6y=g2x 1+ x).
da® ’
ii.zl..ziiy-+4y=e“ cos X
dx?  dx

(D2+3D+2)y ez"smx

(D2 4D+4)y e”cosx

o ! d%y oAy | %o 9x 4 X2
2 ey 2 Lo Y 4y=e SINaX+ X
ddy 9 EZEJ_! dy o y =% cos + k where ki isa constant P £
E;?— d12 o REE 6% AR AT S

-

: P
b il
Scanned with CamScanner
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[M.D.U. 2001]

[M.D.U. 2008]
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Bt I 'Y
4.48 lb‘

: y — COB X)
gin x)+ 1 yo* (38inx
-3x + "\ (r‘2 C()R X o+ C:] 20

3. (1) _\'5('1"

X
Gy + cg 8IN J3x) + """ co8

“l‘) ..ll = l‘ (' | C(l.q

l'iil A} |l“ g €y cos X 6y qamn x - '

i y- ¢ H

1 - -X ) '! 2“ - __l_—— “]2 ( ('{)H — I ] le] 1’)'
Ul'] y (NN by i | X

1 .
ax _ L % (gin 2x + 08 2%) - 30 (2 sin 3x + CO8 3x)

. X b ol
4. ) y=q° + 00 ¢

1 2x (9.2 _ cos 20).
) _v=(<‘1+c2x)c +-§c x (9x% - cos 2%)

Xy
' ' 1 inx)— = e" cos X
) .\'=c‘(clms.x+cgsm.1) 2@ 0

o
’

1 . 5
Gi) y=(c +epx)e v _ L % cos 2x + (2 —4a + 6).

2x : i —-‘fi(cosx—sinx)—ﬁ.
6. y=¢e ‘C2C05.1.+C3Smx g . 2
1% o p :
4.12.5. Case V. To evaluate D) (x V), where V is any function of x.
: 1 : d| 1
f(D) f@) " " dD {f(D)}

Proof. By Leibnitz’s Theorem on successive differentiation, we have
D"(xV) =D"(Vx)= (D"V)x +"C, (D"-1V)
=x.D"V +n,Dr-1V

! |
— D”V N - 3 d 3 =t
x + 7D (DMV l: EED _ D
f(D)(xV) =xf(D)V+f'(D)V "'lﬂ
L f(D)=P0+P1D+P2D2+ ..... +Pn'm

Putting f(D) V=X, we have

1
oy fDV] = f(D) = V?ﬁl—).x
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QUATIONS WITH CON CORPFICIENTG
Wﬁaﬂ*"“ EQU ‘ STANT CORPFICTRNTS ;

yVisn unction of x, 8o is X
(0 .""'inl‘l‘
| I | |

A
‘ K X = Xy,
l‘mn\(n' “n) \ (1) , ! [ A
. ]
» y both gides by ﬁ)—,we hnve |
opet BN e
| T R RO
| 1 [ .
} 1 . =X. .X— .X
| 7(1;’)“‘}0 I T
| v o Ch- @ :
‘: 1 d 1 T Y A f'(D)
. - X 4+ X AL nolitfee 2200 o B
?[1‘1'37 WX =5 D), dD L’ @ )] [ dD{f(D)} [f(D)lzl
or (0% = = R 3 Y — 1€ @iz o+ 98 200 (5=
In Eeneral I‘eplacmgbeV wehave '

1 = .-—1—.V+ d [ L } \' e
™ T o e |
[ X and Vare both ﬁmctwns of x]

% RiB 9k = ——ﬁ\i--(.'—
e ‘{‘ ‘rk e ‘_\

Hence the result. . DAy

Example 1. 2t noidsipa aovig ol o el o !
. [+ (S- (i
y ] [M‘ny‘qulsl

Ilf" 20
of rioftsupIF Vil

Solve the differential equatum — 2 t4y=x81nX
olve the diff dx2 "L

2

a’y
Solution. The given equation is EP_ + 43.; x sin x. 0= 8t~ 76//7\/ /

The symholic form of the equation is

(D2+4)y xs:llnl:lx “ar) ; T 1.9
Auxiliary equatlon s D2 ’+ 4! -"0 - D=x2i= ’0 + 20!

CF. =e%* (c/(cos 2¢ + ¢ sin2) L.
1l n-“ 7102 7. ST e d)

—clcoszx+czsm2x

1
+4

-

N N\ ]
¥ (xsml\:) R S = |

SEEEN

: Pl =

e

| | :
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'y
144 _1+4)2.q1nx
1 2
=—Xx8In x — = (a1
3 9 (sin x)

don 2 N 1
_3,xsm1—5.—&;(slnx)=§xsmx——gcosx

Hence, the complete solution is

] = i 1 i
Y =¢,C08 2x +c, sin 2x + 5xsmx——§.—cosx.

I Example 2. I

Solve the differential equation

d®y ,dy |
dx?  “ax YT SINE MD UL 2019, 17, 06 KU
. . .. dly dy .
Solution. The given equationis —= _ 2 | y _ yo% gin
dx? dx

The symbolic form of the given equation is
(D2-2D+1)y =xe*sinx

Auxiliary equation is
DZ2-2D+1=0
or (D-12=0 = D=1,1
C.F. =(c, +c,%) e
1 * si = (xe* sin x)
NOW, Pl = m(xe sin x) (D—1)2
1 i 1 in x)
—e*, —— —(xsinx)=e* . 5 (xsin
¢ D+1-17 D

A 1 . _d_ _1_) x}
=e Iix.-'isma%dD(Dz S
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=p" —.tainx~%.-—l—1~ainx}

=e —-xsinx+-gsinx =e" -xsinx+2‘[ sin x dx
i D
=e"[—xsinx+2(—cusx}]=—qx[xsinx+2cosx]

Hence, the complete solution is y = (¢, + ¢, x) e* — e* (x sin x + 2 cos x).

d’® . ;
Y —y=x% cos x. [K.U. 2015, 11; M.D.U. 2014, 04)

' Solution. The given differential equation is

d2
?dx—':—y=x2 COS x.

The symbolic form of the equation is (D% — 1) y = x2 cos x
Auxiliaryequationis D2—~1=0 = D==x1

CF. = c,e¥ +cye*

) D?
—-2(1—&]3—'?}

S SIS

Scanned with CamScanner

Now, PI = D 1 (x% cos x)
= Real part of S (x2 ™) [ e =cosx +i sin x]
= Real part of ¢* L x> 1 ax _ g% _—I—XJ
D +i)? -1 T I X T Fre
“=R.P. of ¢* 1 2
D>+2D-2
=R.P. of e 1 x?




- o [i-me 5] .

-0 .
= R.P. of £D+—-'2
~ 2
2
ir { D‘a ) D 5
il — |4|iD+ =] +..... x
=R.P.of e 14 (:ﬂ! ZJ ( 2 '
212 2
R.I. of {IHI)I-—uHD ..... :,x
. 2
—Rl’of——e"[lﬂbiD———-f ..... X
L 2 2
=R.P.of -=e¢ [x"‘+th2——Dx Ty ]
TT"T'?"-"-.-
) “R.P.of -~ (cos x + £ sin x) (x% + 2ix = 1) T
2 Ao Bupe il asiith o .
1 2 1 AR
v T cos.x+—-cosx+xsmx o = b
2‘ . A 2 L ] ‘f.'.;:'{‘-—:-._;.
“h
1 T . e _ .
Y (2" —1) cos x + x sini%witnups fritassitib 05vig adT noity.
. . i ‘453
Hence, the complete solution is 200 Snmig - L
y=CF.+PIL 5
T EDREE = I #:E— i-i;-}f.:j_',:-'"'-'_,‘ .}ji‘: }U _.{.i,ro'i 3‘&{0{![;1_;; -‘,«_"
' 1
—x =
Le., Yy =c,ef +c,e 5 fxt 1_{) cos.x # x sin x .; froktps vailik

e+ fs 0= D ‘
, Example 4. I B -
£ -{ = Iq ,?"n'-""{

(X 209 "x) ——— = L

d?y d I -d

Solve the differential equation —5 -4 Ey + 4y = 3x%e® sin 2x.
¢ L

(%1

" Fnaon = ey ] [ = L) ———- 1o disq leafl
Solution. The given differential equationis [ -

[ { i 2
| Ko ooy L Gy Lo g
[ o+ )y l(\,‘ TI ki ‘J’Ti?:x*[e) 'sitn2xs [oof]

The symbolic form of the equation is
(D2-4D + 4)'y ;%5{? o le Lo =
Auxiliary equation is
D2-4D44 =g "7&@{" e Sy 0 11 -
or D-22=0 = D 22(11-”3-
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C.F.=(c; +cgx) e

I f L)
pL = T Bx"e™ ain o)

86— 1 (et 2w 1,
(D +2 - 9)2 X )=03e* —[—)?fx gin 2x)

= LP. of 3¢%* -—1-2_ x2pi2

D [ e'%* = cos 2x + i sin 2x]
=LP.of 3¢ ef2v 1 4 .
; (D + 2i)*
4 ! | ] s il :
=LP. of 3¢™ . o2 _1 5 (x?)
Fe —
o ’
=I.P.of3e2‘.e"2r.:1[ _iD _2( 2 '
i-;:; S - ...,_,_,..2._,,‘ r.“‘:f ) ['..' i2 = 1]
;1..‘_3-;-, = - 112“‘ ; :

-_3 . -t I TEa ) 2 |
=LP. of —2 g2 eli2x 1+92. :D-i- ;D . 2
. 3 I 1T MR

'\‘

{
_ 3 * itz _. R 200X — 2 28 0 o5 + 2C aan N =g
IPof——4——e e‘z"[1+iD——?1152+... 2 By . 1
T '_ ybmomtal tkeorem.]
q | __;ma.-a_;_.+:h&{3h|q_'_:_*»'-'.-’-“LJ- 3= s =
=LP.of 23 g2« yizx [ 2 3] S -
¥ .81
4| o mr-_.'__..- xJ g - = % |
o i "J“-:+i:2(.)—~‘.r.riir)-—1—|"t . 28~ ‘
0i T R R TERPR
=LP. ofi
;Brm(GOS 2x;+wam 2m) 2 o+ 2ix §_ =
_ it wrraco pn=v () .a
-— 3 7 <'_;{ i
- 2£ o . (%3 I il
T | 20008 2x 4+ | - 2'@.1 ;
X AT =L 'y - b e a - "
4 I i 2 _}Sln 2x. ) ] g4+ & 1018 o9 + %) =‘\.| =4 ftu
-3 —
- 2x [ JEy s
g ¢ [4xcos by -if(2xz&)3’)' 0 f'-"{-* % fie %) ,I ~STe@sType B

Hence t
he complete solution .ig given by& ) fgp = b i n ro, . i
y C F + P I ‘-1 AR T BRI I!!a’ o E.. - 9 ::-\ } -JI., =4 Ly

o ) &
y = i o e 1 . .
(01 + ng) ez"\ %thr{ﬂi 2x3-£(2x 1 3) hm 2x]+ r 202 (Ll + 2= 8

-\
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4.54 ORDINARY DIFFERE

Solve the following differential equations [Q. 1-81]:

. 1%y
1. "L} -2 d by =X RIn N, 2 f—" +4y=xcosx.
(!.\ TAS ' r’t
(M.D.U. 2008]
2
“}'.“. 7! y i{__y_ i )
e 4y =Yy P e 4- ”d "J "'xez
3. Il Iy = x cos 2x. . dx y 8in x Ky, 20“
dty "
5. 'i_l. -y 8ih & (M.D.U. 20031 (i) ———1 - y=xsinx +¢* '
!
1 F, ’ i
s (s 1 ™ i f ¥ =1P.of E
Hint. () P.1.= (x sin x) = Imaginary part of —— xe . of ¢* ;
D' -1 D" -1 ma:
2, dZ ' )
6. —-—d\—\—xsmt+(1+m)e 7. ) 7~ Y= xsin x+ 27 ¢,
da?
diy d%y 9 . ‘ -
8. —¢2—+y x“sinx. (M.D.U.2015) .
_ dx? dx2 Sl s
1. y=(c; +cox)e* + hanbiny (cos x —sin x)
) 1 oggathe
2. y=cpC082x+CgSin 2x+§x\£::f)s A
3. y= cle‘o“ +cge” 2 _1 X COS 2x+-—— sin 2x.
4. —cre™F +coe ™ 2% 4o | 2 (sin x — coS x) + — COS % — — §in %
y=9 2 | [10 10 25
. ' x _x 1 2 3 .
5, (i) y=cpcosx+cysinx+cge” +cye +§x cosx—gxsmx i
.o . x - 1 2 3 . xex
(ii) y=cjcos x +cg8in x + cge” +¢qe +-§x cosx-——xsmx+—4—

- 1 .
6. y=ce” +eye "——2~(xsmx+cosx)+%xe‘(212——3x+9).

- 1 .
7. y=ce* +cpe "—E(xsm x+cosx)+—1}2—xe" (222 - 32 + 3).

3 4
8.. y=(c1+c2x)cosx+(c3+c4x)sinx—%cosx-[-x—--?— Jsinx. ,
48
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HOMOGENEOUS LINEAR
EQUATIONS

A

—
nGENEOUS LINEAR EQUATION
’W"‘ =
fnition: An equation of the form |
pe
d'y i dn-l
b S pr 1 gy o g

f ]

To reduce the homogeneous linear equation

n

i dn—l
d"y +Pixn-.1 y

dxﬂ - 1
m linear equation with constant coefficients.
Also prove that

+wntPry=X

P, x"

n

x”ﬂ —DMD=-1) D-2) e D=1+ 1)

n

Proof. The given homogeneous equation is

" d" i du-ly —d_y- _ (1)
PD d—z—+P1x" 1 dx”-l +.....+Pn_1x o +P,,y X
(2
PUt-'¢=ezsothatz=logxand %=% (2)
Now, dy _dy dz _dy 1 [Using @)
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|

| syxibary e

'

ﬁ d"frpr(’"fiﬂl equation

s the
e
] .M” \ 2 d”-" o 2\, 2 1
ded 0 " YLbS [K.U. 2019, 06; M.D.U. 2017
- The given equation is
golutt?™™ [
) .\tzﬂ~2y- \;2+i
d.'Cz oy X . .(1)

= SO that z=logx and D= x
put 47

- |
x_z

e Then, given equation (1) becomes

>{‘_c='__£ ;[_an-:)]
dnt

DOD-D-2ly=e* +e¢?
D2-D-2]y=e% +¢*

quationis D*-D-2=0
D-2)D+1)=0 ie, D=2,-1

CF.=c,e® +c,e?

PlL= (€% +e7%) "
D’-D- 2
1 2z 1 -z
= e -+ e . I-
D2-D-2 D2-D-2 J e -
C CJ' ’
=z 1 e? +z 1 e—h C lure]
~en-1 '2D-1 s g jecmsgunu
1 2z 1 -z
=z. e +z :
“ @) -1 2(-1D-1
]. 2z 1 -2 1 2z -2 =
=_ze““ ——7ze ==,z(e* —e ) : i
3 3 3 :
Hence the complete solution is
1 =
y=cie¥ +cpe? + E(e2z -e™ %)z
2 , G 1( 2 l]l
= +—=+—|x" - 0g X.
y clx - 3 x

\
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d’y rljy_

l Example 2. I

Solve the fh'fﬁ'n'nh'ulrq:m!hm o e

i The gi ion i8
Solution, The given equnl

: 2
Multiplying both sides by x*%, W€ have
3 d2
D8 42 —l =x

dx3 dx’

Put x = ¢° so that z = log x

1
= .
X

p(D-1)(b-1): 5.

“J:
S

Let x c% = ;L —D. Then the given equation (1), becomes
DO-1n(D-2)+DD-Dly=e [P (bl-—zml)a-r)(ﬁ\f;
or (D?-2D2+ D)y = &° DFDPT¥¢+ .
Auxiliary equationis D3 -2D%?+D =0 D [:ZD "= 9D

DD-1%=0 = D=0,1,1 p=q D-

(02 + CSZ) e

or
C.F- — cleo.z + (02 + 032) e? = Cl +
1 z
Now, PL = 3 2 €
D® -2D“+D
=2. p) 1 - .62
3D -4D +1
1
=2 .
6D-4 °
= 2* . e’ =£.e"‘
6(1) -4 2
Hence the complete solution ig
2
Yy=ey+(eg+eqz) ef + 2 g2
2
or

Y= e t(ey +eglogx) x +

‘925 (log x)?
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2
g A%y dy
v =2 Ay ax,
e the d,’ﬂbmnﬁal equaftion x g -y
— . ' S f",' /
L jon The given equation is y? :';'.r 9y :’: —dy s 0
ol _ .
d 174
: ¢o that 2 = 10X and let D - < =i

ation (1) becomes
[D(D - 1) - 2])—:[]);_,0
(D -3D-4)y = etz
- Auxiliary equation is D2 —3D-4=0
, (D-4)(D+1)=0 = D=4,-1

CF.=c e¥ +cye~*

=0X ¢ 2 [x=¢"]
x
1 4z
I = .e
Pl =D 3p_4
= __1E et = 1 etz [Case of failure]
16-12-4 0
=2z. L e
2D -3
[Differentiating denominator w.r.t. D and multiplying by z]
=2. 1 L e4z
24-3
4z
z.e 1
"5 =E(1°gx)"4 \ [ e*=x]

Hence the complete or general solution is

4 ¢ x'logx

= + —= o = .
y=ox - [ C.S.=C.F. +P.I]

Solve e differential equation
- (x202—3xD+4)y =x™.

Solut; .
101 The given equation is (¥2D2 — 3¢ + Dy=x"
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Put x =¢° sothat z =logx %\

and let D' = 1(1_{[; = {_;2- Then the given equation becomes _)L/zhl: B‘(
! .

[D'(D'=1)=3D"+4]y =e™ |

or (D2~ 4D + 4]y =e" = (D'=2)%y = emz

- Auxiliary equation is (D' = 2)? = 0 = D =22
C.F. =(c, +cy2) e%
= (¢, + ¢, log x) x? .

1 g™ = 1 ™ = 1 " L
Nl‘l\\', pI = (D' _ 2)2 . (m _ 2)2 (m - 2)2 [ N

Hence the complete solution is
m

2
Yy =(c; +cy log x) x +m-x

l Example 5, ' ‘ .

Solve the differential equation -

d3y 2d2y j
x3F+2x Ez—+2y= 10 x+—:; .

Solution. The given equation is
3 2
x* 131+.2xz_d_23_' +2y=10 (x +-1-J
dx dx X

d d
Putx = e* so that z = log x and D=x— ==~ _
B dx dz

Then given equation (1) becomes
[D(D-1)(D-2)+2D(D-1)+2ly = 10 (e2 +e7)

or (D*-D2+2)y =10 (¢z + e?)
Auxiliary equation ig D3-D?2+2 =9
or (D+1)(D2-2D+2) =

_— -2 3
CF. = 677 + g2 (c2 €0S z + ¢, sin 2)
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¢ LINEAR EQUATIONS

yNEOU
]"_I. = 3 :)J o 100" v ¢ ™)
:\‘ﬂ\\'.
1 . |
-10. . ) 410 = : ’
D' oD’y T
(Second term is o case of failwre]
10. - ot 410 S |
1-1+2 3n* - 2D
[Multiplying second term by zand
differentiating its den. w.r.L. D]
1
= 5e’ +102.-————_e‘2_
L’ 3.1-2(-1) =Hef+2z¢?
1
= 5.\'+210gx.; [ vl

Hence the complete solution 1s

! Example 6. I

| Solve the differential equation

y =¢,;x7t +x [cy cos (log x) + ¢ sin (log x)] +514~—logx

dy
x? ;l'.x =+ 8x — o +13y =logx [K.U. 2007, 05, 2000]

Solution. The given equation is

| d2 d
| 2 2
—= +8x 13 =
; e dx — +13y =logx Jo/i_,(’ = 2
Put x=¢*sothatz =logx and D= x-:li— = % . Then the given equation becomes
' x

[DID-1)+8D +13]y =2z
(D2+7D+13)y =z
Auxiliary equation is D2+7D+13 =0

Do - 7ty49-52 7ii~/§

2 2 212

7
CF.=¢ 27| ¢ cos %.z+c2 smg‘Z)
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C.l"- =X
or !

RO B -
NO\V. I-'"’I'|7l)|ll I:;[I \ T D+ ]q“

2
1 (Tp.2 z (By B
L LD =+ Y Binom
(o5
_1 1——7—D ...... Jz=i[z——D(Z)J
13 13 13
13 13 dz ;
=i( -%J_—s—gasz 7) - il m\_"
13 343\\_’
"""!
“ I+ e

1
=1 a3logx=7
169 (18log %=1

Hence the complete the solution is

—— [01 cos [@ log x] + ¢y sin [g log xH+ %9— (13 log x-1).

I Example 7. l

Solve the differential equation

d? d |
22 oy 1 g U
| & Mgty = g7 MD.U.2013 13 K
Solution. The given equation is
12
2.(y+3x£—+y_ 1
dx dx (1 - x)Z
Put x = eZ 5o that z = 1o -, 2 _d
gxandletD = T Then the given equation reduces”
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[DD-1)+3D+1]y=

1

(l - 83)2

1

D2+2D+ 1)y = i_l_;_.f -NJ -y
,~—f,'") 4 - e P .
. - ey
Ausiliary equationis D*+ 2D+ 1=0 E}:‘ ¢ XCJ '
(D+1')2=0 = D:—l,_.]_
C.F = (c] + 02 Z) e %= (cl + CZ log x) l [ ez = x]
x
PL = —— 1 & 1 - |
Now, e D2+2D+1.(1_82)2 —-(D+1)2 -(1"22)2
= 1 . 1 = 1 1 1
D+1DD+1) 1-e*)® D+1|D+1 (1-¢%)? |
1 — 1 o 1
= . ——.e° dz - _ ,ax —ax
b1 e [ pg X" xe d"‘]
1 ; At < _
=D+1'e_z I(l—t)_ dt, where e® =t Wi - e < t :
! 1 -Ezd-:(:dj
. _ ez = -2
ST [ fa-» (dt)]

— 1 —z“(l—t)_l .. n [f(x)]n.+l
| D+1.e 1 [ I[f(x)] .f(x)dx_—.__n__l__l_
i _ 1 o2 1 _ 1 . 1
{ D+l 1-t D+1 1-¢* [ t=¢7]
‘ D+1-1_ez

=g % e”” z 1 - -

Il—ez e dz D_axzeax er—a.rdx}
-z dz -2
=e —p—2 e
'f 1-e? ¢ .[e-z ;ldz [Muliiplying num. and den. by e~?]
-2
P e -[:
- p—2 e
e .[e—z_ldz k
=-e"flogle-z-1) - 5 [£e) dz=log[f(z)]]
f(2
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[510] : ' ) Onbiﬁjﬁ-ﬂwlnmﬁﬁm '

l
Hence the complete solution is y = (¢; + ¢, log x) % +

I Example 8. I

Solve the differential equation:

X

B d
2%—.1:&—_:-33’ =x?logx

Solution. The given equation is
24y dy
dx? dx
Put x = ¢* so that z = log x

-3y =x%logx

d
LetD=x T Then the given equation becomes -

[D(D-1)-D-3ly =z &%
or - [D2-2D-3]y =z e%
Auxiliary equationis D2-2D-3 =0

o log

1=%"

[K.U. 2018 MDDy 2015 ,
»

Le., (D-3)D+1)=0 = D=3,-1
C.F.:cleaz+c2e"z
: 1
NOW, Pl = — — 2z it
D _gp_3 '
zezz 1 2 X‘“) 1 f
D+2?%-2D+2)-3" F(F)( ¢ f(pm.
:ezz D2 ;D 3 z=822 1 .
+ -
-3 1_@_])_
3 3

,_
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2 (By Binomial theorem)

al'
‘ B

2
I‘,?r . ‘

o complete golution is

. 1 2
e o™ rege - et |z
a4 3 9

;) (\n(‘f' 'h

y=10 4! “%-’Cz (I"H -‘H';]. [ e?=x = z=logx]

colve the differential equation (2 D? - 3xD + 5) y =sin (log x).  (M.D.U. 2019, 15
Qolve g

tion. The given equation is

. olu {
(x2D? - 3xD + 5)y =sin (log x)

d : :
' =X.— equation becomes
D' =xD=x. dx.Thentheglven q

r , )
Xb = b ) k: B‘z:_b(b’-, ‘l
D'(D'—1)-3D' +5]y =sinz : bl

(D'2—4D' +5)y =sinz

Auxiliary equation is D2-4D'+5=0

, 4%16-20 ,

D = 5

C.F. =% (c, cos z + ¢y 5in 2)

1 1 . Y Unl
i -=— z2 = —
Now, Pl = D’2_4D'+5(smz) —-1-—4D'+5$m 'MD]'*'\'!
i 1 A+D) .
Aotinne -3 1 11)' iig' ST
009 4°1-
!
=.1_, (1+D") i
4 [L=-(=D)]
=%[sinz+D'(sinz)]=-;-[SinZ+C°53]
'A"Ji"' . TR _.‘-l_.-

e T TR
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Hence the complete solution isy = C.F. + P.L

) . ) 1 ,
e* (¢, co8 z + ¢y BIN 2) + 3 (¢in z + CO8

Le., y

x? [ey cos (log x)

or ¥

I Example 10. I

+ ¢y sin (log x)] + % [sin (log x) + cos (log x)]

z)

e e?=x = 23y,
By

Solve x? 3’+x-j—z—y-xse‘ [M.D.U. 2018
Solution. The given equation is
d’y dy L 2
2 —
pEaL
Put x = €% so that z = log x
Let D=x 8, _ di Then the given equation becomes
2z .
DD-1+D-1]y = e*e” je, (DF-1)y=e*e’
Auxiliary equation is
D2-1=0 = D=z%1
CF.=cef+cye?
1 2z e* 1 2- 2
Now, Pl = (e™e® )= (e**e®
D?-1 D+1)(D-1) )
BRI | P ey |
_E[D -1 D+ 1} (g e ) ‘é‘[Usingpartialfmc!wﬂ-‘]
—_1. 1 2z ¢ 1 1 22 oF
2D-1° GG Di1¢
1, -
=:‘Z-e J.ezz e e ? dz—=¢"% J‘e22 e® e dz
1 —ax Jy
X=e IXe }
[ D-a ¢
-__-];ezjetdt—-le_z 2
2 2 J-t e’ df, wheree® =t
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1 e ot _ 1
[ - "—- 4]
2 2 (re _ 2 byt e
- -—l- { 2 t\" 1
9 - ?l‘ (p2s e
1 ) 20
’
= W » & -
5 ¢ le* <o, 9.
o - AI' ’I - 'Ir-’
. - 3 ']
o the complete solution jg " o7 et
Hendt y=CJF +p
4 1.
Y o= e’ -2 2
’ 1 + Cqe +e" _ e ? en*

" -\:—] + 3 X
2 et (1 "".'C_")

b Dxise

Solve the following differentiq] b
r1-7:

Y=cx+o¢

D+ 2D-2)y =0

~ (@) 327y d2
dx +6x "&;‘%+4x
- ,sdJ'. dy ~,
ST g By =s0 Ny Ly 4ay
q dx3 x dx2+
0 d-y dy
{ — X —— 4 — .
v T Y= Gy 239, &y 4
3 =S +e
2
(iii) x* 3+2x3d3’ dy
| —5—x 2 &
! x dx? dx+x3’-—1
L 2
(i) :251_._3_’__ Y
] dx dx2+2x—_‘_2y“x3+3x
fl!!)xz.___s?_ d
» +2:u:—---203'=(x+1)2
< (D) xzfdfl xdy o
T = 4 = %A
do? dx 2y x]ogx (ii) x2££_l_x£i__

p de® " e TY=2logx KU 2001, MDU 2001)
i)~y Ldy 1210g 4

.(I] [.t D4+6x3

3
(i) et P +9 D24 8 Dt 1]y = (1 + log 22
" []4‘*2353133+.a:2D2
liij) 2 d?y
@Hax%i_y:logxsin(logxhl

b

~*D+1ly=x+logx

[M.D.U. 2011
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LINEAR DIFFERENTIAL EQUATION
" OF SECOND ORDER

. }"
3

- i

|
The gt:neral form of linear differential equations of second order is i
:

dzy dy
__—+P—- — i
3 +Qy=R f

- P, Qand R are functions of x only.
[fP and Q are constants, then the equation can be solved by the methods discussed in the
.ous chapter. Otherwise there is no general method of solving these type of equations.

ever. we can find solution of this equation by applying certain techniques. In this chapter
apply the following five techniques for solving a linear differential equation of second

(a) By changing the dependent variable when an integral included in the C.F. is known.

(b) By removing the first derivative and changing the dependent variable.
(c) By changing the independent variable.

(d) By the method of variation of parameters.

() By the method of undetermined coefficients.

0 SOLVE A LINEAR DIFFERENTIAL EQUATION OF SECOND ORDER BY CHANGING
E DEPENDENT VARIABLE WHEN AN INTEGRAL INCLUDED IN THE C.F.ISKNOWN

-

-

Consider the equation

dy dy
P, Qand R are functions of x only.

Lety =y be an integral included in the complementary function of the e

2
'd—l;%'P-i—:"l'Qu =0
u,+Puy +Qu=0
y=uu
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+Qy =0 (D)

i uation is + p

) and Q are functions of x only

ea eqn. (1) becomes,
m2e™ + Pme™ + Qe™ =0
(mM2+Pm+Qe™ =0
m>+Pm+Q =0

Q

142 -0 (Dividing by m?)
m m2

Hence, we have
(K.U. 2017; M.D.U. 2017}

Q

: P
) y=e™ is a solution of eqn. (1)1f1+;+;2‘ =0

11—

P
ii) y=eis a solution of eqn. (1) if 1 + ;+§, 0
iii) y = ¢* is a solution of eqn. (1) if 1+ P+Q =0
iv) y=e~*is a solution of eqn. (1) if 1-P +Q=0.
IL. Consider that y = x™ is a solution of eqn. (1)

dy =mx™-1 and f;}—— =m(m-

en eqn. (1) becomes &
m(m—l)x‘"‘2+P.mx’"'1+Qi'_f" ,

Hence, we have |
0 y= x™ is a solution of eqn. (1) if m(m - D+ fnP-t +Qx*=0
@) y=yis a solution ofegn. (1) if R+Qx=0_
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(1) Find a solution of the equation j Yip ;ii +Qy=0 as discussed in article6 3. Dey
.r

oty

this solution by 1. Sometimes it is given with the problem.

(2) Change the dependent variable y to v by putting y = wv. The reduced equatiop jq o,
form .(_f...l_.’_ P' Q
dx?

dv dp

(3) Put — B p so that transformed equation is of the form —= e +P'p=Q" where P'.Q"

are functions of x only.
(4) Solve the equation % +P'p=Q andfind p ie., % Integrate it and find p,

(5) Find the solution y = uv, which is the general solution of the given equation;

T SOLVED EXAMPLE

Example 1.

Solve the differential equation

2 . |
28y (.2 dy |
x 2 (% +2x) ——+(x + 2) y = 3%, [K.U. 2012; M.D.U. 2003

Solution. The given equationis

P+Qx=-1-2,
X

= y =xis a part of C.F,

Consider y =vx
b,
dx  dx .

"
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putting these values in (1), we glot,

d’v dv
—x+2Z 2)( dv
@ _do
dx?  dx =e
d
B =‘e‘wherep=.‘!£
_ dx .(2)
pe~* = Ie“e“dx+c1
pe™* =x+c¢,
p =xe* +c,e*
-d_x —xe"+cle"
Integrating, we have U =xe*—e"+cef +o,

Hence the complete solution is y = vx
y= x28x —xe* + clxex“. ik

Solve the differential quation

2
(1-x2)-:x—§'+x

Solution, The given equation is -

2
(1-x2)%x-§—’+x%-y=x(
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ﬁ:_@x.bz.@—
and o o In
Putting these values in (1), we get
k /2
N 4% do % [x-‘f‘i+v]——1"—g=x(1—x2)1
[ e rratwrll iRl I EE
12
Cod [ x +2)_d__x(1_.x2)1
n * Ex_é-+(1—x2 ) dx .
™ .
. d du‘_g ;
Putting =~ = p andgx—z-—dx,wege
d .,
dx

Thus the solution of (2) is

PUF) = [ Q/ (L
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IS SN
: 1-x2 3
EENEES
\ e p:f- 1 - y2 +C__L-i2_ —2%d = el
| 3 x? Ay = _ru-
o 2.‘
ik =£\’ '-..‘I;_ JE o
dx 3 4 2 ,

- o = _{_'a
Idv [ “1 x }dx+c2 ?{(?)} -"!1- .

1 1 dx 1

v = 1-x2324¢,(1- x2)V/2 (—-—J—cl I =+¢;
x J1- ) 1
9 1-x 4 | w2 )

e iy 1
1

e s 1222l 1% e sinTixtey . Jat |
o= =gl x VT ' a li=sy Ve x

Hence the complete solution is y = vx =211

{

VIS U-—n’)"@) |

1:\:(1-;:(:2)3""‘—c:l \fl—xz—clxsin'lx+c2:c. 1
|

Yy=-3

myple 3. I .o

Solve the differential equation

2
d”y cotxg——-(l cotx)y =
¢h2 dx 2 16- M.D.U. 2017, 06}

Solution. The given equation is

dz d _ (1 — cot x) =" ::hn
—2«-cotxdx 1l-c y

2 -
C°mpanng it with g_y_ +P == dy +Qy =R, we have
dx* dx

=_cotx,Q=—1+COtx,R

Here  P4+Q+1=0
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t of C.F.

:'.,t i.qﬂpar
=ve’
Consider y

dy _ o* 20V, o
'Ex" = dx
2 d% oAV 5 4 ue”
d’y _o, “—54'2'2; e

and d_tz dx

L] ii-—‘:"- in (1), we get
Putting the values ofy, 5 o and .

d
du+(2 cotx)—g-—-smx

A dx
d’ _dp _ et
Putting gx——P and T 7o Vel

dp +(2—-cotx) p =sinx
dx

which is a linear differential equation of the form

‘ji.,.])p Q' where P'=2- cotx, Q =sinx

Lp, P Joos_ e
~ eZ.t _ eZ.t e
_elogsiux sin x
Thus the solution of (2) is

p(ULE) = [QAF)dz+c

2x 82:
e .
or p.— =Ismx. —dx + ¢,
8in x Bln X
e e’ +c d
Or L - —_—
8ln x 2 1
e’* ginx sin x
or p=

2'921“12:: 2
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L Wﬁfﬁ@ﬁﬂ%ﬁgﬁg ¢

C0q1 cie” .
L= - LN _ \
9 Fl=2sinx-cosx|te, - - €

| Hence the complete solution isy = p er

= " -
== —

- -—--]_-.e'r co CIe-x .
Y 9 B/ i~ 5 [2 sin x + cos x] + cqe”.

. Solvethe differential equation

x(xcosx—2sinx)y2+(x3+2)yxsinx-2 (x sin x + cos x) y = 0.

Solution. The given equation is (M.D.U. 2015]
A .
x (x cosx—2 sin x) d_g- + (x2 +2)sinx & —2(xsinx+cosx)y=0
dx dx
dzy 5 (x%2 + 2)sin x Li-?__ 2 [x sin x + cos x] -0 (D

dx? x[xcosx—2sinx] dx x[xcosx—2sin x]

i
)

Comparing (1) with d_——+Pd'_+Qy R,wehave -
dx? dx {
p- (x2 + 2)sin x , - 2[xsinx+co.sx] CR=0 1

x [x cos x — 2 sin x] x[xcns:f:—-Zsmx]

2(x2+2sinx 2[xsinx+cosx]x
xcosx—2sin x xcosx—2sinx

Now, 2+2Px+Qx?=2+

2

2[xcosx-2amx+x sin x + 2sin x — x“ sin x — x cos x|

4 xcosx—2sinx

=0
As 24+2Px+Qx2 =0
y =x2igapart0fC.F.

Consider y = ux2

gy =x2-d—”-+2ux

dx dx
i&“d a4y _« 4V 4 v '
. 2
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Putting these valuesin (1), we have

d*v d 2 1 9) 8 2[xsinx+c
o2 2+4\.—£+2: - (x + 2) 8in x dv+2x} [ 0_.5_:51__%
dx dx x[x cos x = 28in x] Yz x[xcosx—2siny] ¥ =
ﬁ’_.,. 4 dv dv 20 2v (x* + 2)sin x__[_ql_lg+_2_'!_}_ 2(xsinx+cg_siL
or dy’ xdy x? xlxcosx-2sinx][dx % % (x co8 £ — 2sin x) '~
r 12_34. i+ (x + 2)sin x dU+2tJ 1 (x*+2)sinx xsinx-l-iosi
de® |x  x(xcosx-2sinwy) dx % |x x(xcosx—2sinx) xCOSX—2sing “OI

d*v {4+ (x* +2)sin x Jﬁlj ~0

o ﬁ v x(xcosx—2sinx) dx
dp |4 (x%2 +2)sinx =0 shere _dv |
3. — =Y pP=
or dx+L+x(xcosx—Zsinx) & dx
_ 2 . -
or L E+ (x +2)sm.x dx =0 [Variables separable]
p x (x cos x — 2 sin x) |
i 2 i D aim x|
J'_CEP__I_J‘ fl___—:c sin x —2sinx dx ot
p EZE: cosx 2x sin x |
\L
cr logp +4logx— T‘g‘& cosx 2xsmx)_logc1
4
or log —; px — =logc,
x“cosx—2xsinx
4
px _
o x [x cos x — 2 sin x] =4
¢; (x cos x — 2 sin x)
or p= 3
x
. dv ¢ (xcosx—2sin x)
L.e., _— = 5
dx x
cosx 2
dv =c I[ ———sinx)dx+c
I 1 <2 0 2
sin x
iLe., v=C —5+0C
x

Hence the complete solution is y = vx?
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STERENTIAL FQUATIONS OF siicong OROR R S ey

Hin
) = g, st .
o‘ L [" ‘-.)' i | “'A]-tl

X

Vo= ain x4 ey,

d®y
eive sin?x e 2y, given thaty =cot x is a solution,

!

[M.D.U. 2013; 04 ; K.U. 2008]
Solution. The given equation can be written as

dly 2y
dx2 - Sin2 x -..(1)
Let v = v cot x be the complete solution of (1)
%.y_ = %cotx—vcoseczx
X
2 2
d ‘: = icg cot x — 2 cosec? x £+2u cosec’ x cot x
dx
d dy . |
Putting the values of y, Té and Ex—‘g in (1), we get
2 dv 2v cot x
é—z— cot x — 2 cosec? x Z‘!E + 2v cosec? x cot x = “n? x
2 d
ii—:—cotx—2cosec2 xa—;{ =0
d dv _
or _d% cot x — (2 cosec’ x)p =0, where e p
2
dp 2cosec’x ~ _
4 -d_x- cot x &
or dp _o EEE‘:’_CEde =0 [Variables Separablel
_}; - cot x '
—cosec’x ,. _
dp o j' — COBOE ~ dx =log ¢,
_[ p cot x
Le,, log p + 2 log cotx= log ¢,
or log p (cot x)?=log ¢,
a peot?x=¢1 = p=ctan’x
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x+2

'(jﬂ:cl tan2x )
l..t'.. (b:

dv = ¢, (sec?x— 1) dx

or
I ting V= (tan x — x) + C4
ntegrating,
Hence the complete golution isy = v cot x
y=c, (tanx - x)cot x + ¢, cot x
Le.
or y=c¢; (1-x cot x) +c, cot x.

l Example 6. l

Solve the differential equation

2
(..,-+2>§;g’__(2x+5>ﬂ

Solution. The given equation is

d%y 2x+5c_11+ 2y _(x+1)e*

dx? x+2 dx x+2 @ x+2

. .y d2y dy
Comparing (1) with T +P I +Qy =R, wehave

P=_(2x+5’ _ 2 R=(x+1)ex
x+2 x+2° x+2
Here £+%+1=—2x—5+ 1 -

2 2 2x+2) 2(x+2)

_—2x-5+41+2x+4

2(x+2)
¥y =e*is a part of C.F.
Consider y = pel
Eil = dv 2x 92
dx  dg ° + 2ve**
: .
ad é—z = dzu 2x dv

de? T g2 & YA 4 gyl

= dv
7€ +4 - x 2x 5
dx? €™ +4pe?r _4X+0|dv ,. F
dx X +92 l:&?x_ez +2Ueh]+_£_(ve2x)=w_2ff
x+
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-2r we get
dx x+2 \dx x+2  x+2
d*v | 2¢ +3dv _ x4l
(fx.‘! X+ 2 dx x+2
dp 2x+3 =.1c+1e_x @
dx x+2 x+2
i‘-‘
o0 07 dx dp o  wh P,_2x+3 ,_x+1e_,
: . (z)isoftheform———+Pp=Q where == ==
[pae_ (%7 en ot 2t 247
LF. = ¢ —e’ **? 12 ™
A \i
J’[z- L ]dx 2 | \
x+2 _ 2x — log (x +2) v .
=e =€ L
9z 4
2t __€ 3 L
=82I.e'1°g(x+2) =ezx.elng_(x+ = 42 lemy l
Thus the solution of (2) 18 ’
' \
p(LF.) = Q' (LF)dx+¢ J
) !
2x B 1 62:: N Lt‘}:"s'
e = 2 de. dx+cl \ F 2 \ =
P o Jx+2 x+2 ) |
= '_._'Ej--l—z—e-"dx'l'cl 7 >
’ (:c+2)r .
\ iy S e B
L1 £ e TR
- [ = 3 exdx+cl=x+ +C _— -
Jx+2 (x+2) ) e ¥ T
P=e"‘+019'?‘”(x+2) S o
du v= WO ""
Ex_ =e"‘"‘+cle"2=(x+2) o ;h":_': 2 'y
1 - l‘
tegr o D) [ gelvo
—

Scanned with CamScanner



- LR e - TR AN

-2x
can(x+2) _E |+

X i',c’—-""/
il -

. - 2x
o e geaBle T 2

=

ve”

onis Y =
Jence the complete golution y
: e” cl (2x +B) + C2¢€

-_—

, wmm

ﬂ'erentwl equations :

Solve the following di g
d’y dy , (x—1y=0 g 28 220 g+ 204Dy=F
€. _(2x- D=1 x— =

" e “ (KU, 2015; M.D.U. 2014, 13, 12,094
2
dy &’ _ 441 .z se+ DD + (242 y=-D¢
3. x-c-i-;-—y=(.r-1) —&;—‘.,‘—-x+ A | 72 dx
[M.D.U. 2003|
2 . d
%y 4y _ .4 9y =(x - 2"
5. (x+2}-g-jé——(2x+5)%+2y=(m+1)e" 6. xdxz 2(x+1)dx+(x+ )y

[K.U. 2016
[K.U. 2013] :

-1

2
(x+ljg—x§—'-—2(x+3)—:—‘:-+(x+5)y=e"

2

. d d . :
8. (a:smx+cosx);x%—xcosx-ngl+ycosx:smx(x su::;\H-cos;v::)2

: d’y dy
9. (.rsmx+cosx)2;§—xcosxzx—+ycosx=0
d*y dy 2y
10. xgx—z--dx*r(l %) y=xe" 11. xjx ~(x+2)— dy+2y=x3 ..U
12. dy+(:l.’-2} 2y—-x3 dy g dy
d12 dx 13. dx2 - -d_;t.-'-xy:x
2d2 dy
14, rallc 2, !
a8 "ds 7" 8x" 15. x-d——+(1 x)— &y y=e" [M-D'U'g‘
2 dx? dx

16. d12+(x 1)_"'—,? £2

d!

2 2
[1+—cotx———2] Yy =X CO8 x, giVﬁll that L isaC.F
X x X ==
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o e
e N e | % el

’ dy iven that
d‘ +r‘____9y 081 y= x lﬂ

a part of solution,
b /“ (ff

[M.D.U. 2011])
2., ])-i--l(\tlh'" T x=])p?r
dy Lo 20+ Uy
d-"
, dﬂ :2’_ ~ y=0 given that ya(x + --:-:-] is one integral, [K.U. 2011)
1{\ )

dy 2
—~ ~ycot x =
y'“"m“}dr ycol x =sin® &

1
=e” o) log x + ¢y 2. y=—-2-x2+£21—xez"'

1 4 1
=c,e* +¢px = (1 +27) 4 Yy=-Sxe bty -~ ex’e” « coe*

1
A_=-e’—-4- ¢; (22 + 5) + cq e2* 6. y=%c1 et + cge® + ¥

. I x 9 1 -
by =—cre (x+1) T2 Y tege 8. y=-§cosr x—-Esm2x—clcosx+c2x

=-C1 Cos x +621

-x
10. y =c,e¥ +c, (20 + 1) e+ _54—[2x2+2x+11

7'-‘-1-"’—(01+3)(::c2+2x-i-2)+r,-2eJr

12, y =x3+(c1—3}(x2- 2x+2)+c2e"‘
¥=l+opx sze’am dx +cyx

C
14, y=cx+ 24 58
X

"'"log:wce I-__.dx+cze 16. y=c (x~D+cye *+22-92c 4 9.

A\ 4|7 %08 x+2sin x log gin x — L

J"'cl:"a'l'l:!2:|:"3

1-4.4_%[“_‘]
; X

2
¢y Si
Ilugsmxdx]+-——6 sin x + 230 X
x

19, y =x ea"+cl.rze'+c2e-‘

=c,e~x )
. +°1(51nx-cosx)-— Ila [sin 2x — 2 cos 2x]
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6.4. TOSOLVEA LINEAR DIFFERENTIAL EQU
THE FIRST DERIVATIVE AND CHANGING T

d,,
Consider the equation

d’y o dy _
F-I‘P-—d;-l'qy =R

where P, Q and R are functions of x only.

&,

. . . : d’y .
This method is used when a particular integral of 'J_f +P e Qy =0 i neithey 3

x
nor can be easily found.
Let y = uv, where u, v are functions of x

dy dv  du
- =U—+—
dx dx dx
- dly _,d jdudv, d'u
dx? de?  dx dx  dx®
) 2
Pumngthevaluesofy,%and%x% in (1), we get
d?v du dv d?
3V gdudv du dv du
di? dxdx”dxﬁw{“E”E}Q‘“":R
d%v d 2
or u.——+(Pu+2—uJ@ du odu o
dx? dx)dx ' dx2+PE+Qu]U -
or - d ( 2 du\d 2
—?'i‘ P+——)_U..+ l__du P du
dx u dx ) dx udx2+;$+Qv=%
Choose u such that coefficient dv .
szx- is zero,
2 du
P+=2= =
u dx =0

A

Integrating 1 1
’ guU = .= _1
2J-de = u=e 2.[de
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! - 1AL EQUATIUNS DI

g ation (2) becomes
P d’v l[_EQ_EiFi P du (pde
dx? |u\ 2 dx 2 dx *EE*Q}” = Re?
d*v __1_‘_{_!1_3{_2 P Pu 1 (pax
"}':?" [ 2 dx  2u\ 2 JF; —-—ZH)'.Q}J:REZI
r Tt
d*v 1 dP 1 e
ey TP -l
d?v
<z P =q A3)

Equation (3) is the normal form of equation (1) and can be easily integrated to find the
alue of v.

Hence the solution y = uv is known., This is the general solution of the given equation and
ntains two arbitrary constants.

€.~ Al L
"e
! 24

e W T T KR . -
1 ) Find P =Q- ZPz mgiat We apply this method when P’ is either constant or of the

constant

B =

x

Q) F -1 Ide
e b and denote it by u.

- O Age
r i . . ;
] Puttingy = yy, the given equation transforms to the form -d—% +P'v=Q where
| R
Y,' Q’ = S

/)

v
1

: (4) 301
) Ve the . d2
,_ eQuation -....'.2’. +P'v=Q' and find v,

0

) i\
0 Bengrg) . il '
b N ‘_ ..Bt_ﬂutl M18Y = uv and it contains two arbitrary constants.
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Example 1- . Py
moving ¢ he first derivaftive.

d’y 2mn1=i—*53" g oy
dx

Solve 75~ dx (K.U. 2016, 15, 12; M.D.U. 2009, 08,0y

Solution. The given equation 18

@--—2tanxg‘-y-+5y =0
da’ d
ay -R,weget
Comparing(l)w1th T ) g P = . +Qy

p=_2tanx, Q=5 R=0

Putting y = uv in the given equation, we get

2
av . py =Q'
d.x =
_.l-IPd:.- —lj'-ztanxdx
where = * =e ?
_efta“’d” el T = gec x
1dP P2
P =Q-=————
Q 2dx 4
1d
—5——_(—2tanx)——(4tan x)
2 dx
=5+,sec2x—.tan2x=5+(1+tan2x)ftan2x=6
and Q' :E:O
u
: d%
Fquation (2) becomes — b 6v =0
dx
R (D% +6)v =0

" Auxiliary equation is
D’+6=0 = D?=-6 = D=+.6i

Hence U=c;¢08 y6x +c, 8in /6 x
The solution of the given equation is y=uv
or

¥ = secx[c, cosJE:ch sin /6 x].
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(K.U. 2019, 07

d,
_f‘.-?-'-+3’ cotx+2[—i tytan x| = gec x.
solte | g? dx

jution The given equation is
LU

d*y dy
{.(.f-:z— +y COt’C+2(E;+ytanx} = gecx

d’y dy
_é;_+y+2tanx(gx~+ytanx) = tanx secx

d?y dy .
-(—f:—+2tanxgx—+(2tan x+1)y = tanxsecx (1)

s d
aring (1) with %x——’gi +P ="+ Qy =R, we get

P=2tanx, Q =1+2tan?x and R=tanxsecx.

Comp

putting v = v In (1), we get . )
2
jx +Pv =Q" &

_ _lfpdx —%Iztanxdx
where u=e 2" =e
— ¢~ logsecx = (gec x> =cosx

1d 1 2
2 1 & — = (4 tan” x)
=1+2tan x=5g (2 tan x) n

=1+2tan2x—sec2x—tan2x
=1+tan2x—sec2x=sec”x—sec"x:ﬁ

- Q'_B'_=E§_n___“f£.§=tanxsec2x.
u cos X

 Equation (2) becomes’
2 .(3)
d__+0 = tan x sec’ x
D2y =tanxsec’x

Am‘ili'iu'yequat:io::mis; D2=0 = D=0,0 /

- 4 : | e ——ETRETT |
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- r——
[ . 3 R A

CF. =(c; +cyx) e =cy + %

Now,
1 o 1sec’x
and P,]_-_--.;{tanxsec x—D 2
tan x
v = (¢, +CcyXx) + 2

Hence, the solution of the given equation is y = uv

tan x

sin X

y= cosx{c, +Cy X+ ] (cq +cyx) cosx + —=

€.,
l Example 3. I

0

d
Solve Ex_(cos 1EJ+ycos x=0. [M.D.U. 2015, 08; K.U. 2013, 06, 0g
. : G e U0 d
Solution. The ti — 2g 2 F X L =38
given equation is dx[cos xdxjﬂ‘ycos x=0 C':SZH- ;5,“;
. ()
or coszx—d—x—g+(—2sinxcosx)%+ycoszx =0
- : dzy\ d:
o 2tanxgx3—’+y =0
2
C . L d%y dy
omparmg(l)wmh-gx? dx+Qy =R, we get
P=-2tanx, Q=1 and R=0
Putting y = uy i % by =g
utting y = uv in (1), we get &;E+PU=Q -2
1 1
wh _ =g )Pdx = [-gian it
ere u=e 2 =e g [-2ans = elogsecy — go0 o
Poq.ldP 1., . 14
Q 2 dn 4P —1-—5?‘;(—2tanx)——i—(4tan2x)
=1+aec2x—tan2x=1+(1+tan2x)-tan2:c=2
and Q=2_y.
u = -
Hence equation (2) becomes
d2
2z +20 =0 o
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R R AR
(D24+2)v=0
y equation is D24+2=0
D?==2 = D=t 2

p= ¢ o8 V2X + ¢y sin J2x

_ ‘.-vaﬂm

, Auxiliar

colution of the given equation is y = uv

y=secx[cy cosV2x+cy gin V2 x].

1ve the following equations by removing the first derivative :
Solv '

2
a'zy 2(dy [a +—-2—Jy 0 2, (x3-2x2)d—§i+2x2§1-12(x—2)y=0
dI ds\ X dx dx
, [M.D.U. 2005]
6
dy, 1ody (1 1 01,9
_&:.-é-f-;ﬁgdx’f (4x2i3 PICYER y

o N 55_31_ dy 2.2, _¢
xEE_Z(x2+x)a+(x +2x+2)y‘—0 5. 222 26xdx+bxy

dy 2dy o g | [M.D.U. 2017, 15,14; K.U. 2017]
d? x dx :
iy . d ' d [ dy dy 2 _
Fy+4xzy+4x2y=0 8. dx[xax——y ~2x—+2y+xy=0
[M.D.U. 2017]
d’y 24 2 | d2y 2 :
P——-;-(%+[n2+—2]y=0 10. -F—4xdx+(4x - y=e" [K.U. 2015]
* X
[KU. 2014; M.D.U. 2013]
d2 2 d .
m""z‘-ztﬂnxix-l-ﬁy:(gecx)ex (1)) E--5—-2t'.ana4: y+5y=(secx)sm2x
dx? dx dx dx
TR 2016]
4y dy 2d |
dﬂ‘zmnx%-(a2+1)y=secx.e‘ 18. -i%+;%=" y
- IK.U. 2016; M.D.U. 2014]
J'_ dy '
'If 4"&‘:'4-(4.1:‘-1)y=e‘2[5-3coa2x] 3
i_ d2y
=2 .. dy
et 4x'&;'+(412-1Jy=—-3e‘2 gin 2x,
) %
4:--+(4x ~1)y = 3¢* [sin 2x + be~ 2* + 6] [M.D.U. 2012]
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19.

20.

~1
.

11.

14.

9 q dzy d bzxz
L’l_.g.dlilwzf]y:mx 18. 7 2bxdx v
.2 d. 1‘2
dx A g ¢ AN ;
2 A 2| y = (log x)° . x*
.\'2(102.\-}"'1%—2.1' log ‘;Il + 12 + log x — 2(log x)7y = (log
dx> X
2 d? J’ dy
d“ 1 dy __L(qms/;-m)ymﬂ 21. 1o +2x — o Y 4 (22 +Dy=x% 43,
dx*® J\ d\ 41 ¢ [MD
. -U.2005I
o 1 2
a,, A o - X
- e L 4 (k¥ 4B)y=xe B !
dx* ax !
clx4+c2x'3
¥ =x e, cos ax + ¢, sin ax] 2. Y= (x-2)
3 a3
e ol 3 -2
y=e le;x% + ¢ ™% o y=xe'lex +c,)
3 b . 1
y =e2 Iclms\fgx+c2sm\[gx] 6. y=—Ilc; cos nx + ¢y sin nx]
x
- VZx -V2
y=e* [‘-‘1" +Cpe J_x] 8. y=xc, cos x + ¢, sin x]
=x [¢, cos nx + ¢, sin nx| 10. y =¢*2 leye" + cpe — 1]
. [ 1 .
H)_}r=sec.rLCI cos@x+c28m\l§x+77-e‘] (&) J’=SEC:€[C1COSJ§:C+02Sinv/g.t-l-smzh]
=(c, e +cy e ‘“)secx-&-e Becx _1 =
. 2 | -2 13. J’—-;[cle“+c2e )
J’=er2[clcosx+c,zsinx+cos?.x+51

2
15. y=e*[c, COS x + C, Sin x + sin 2x]

.2 . .
16. y=¢ [clcoax+c28mx+sm2x—3e‘2”-18] 17 y=x[clcos:c+c sinx+lex]
. 2 Py
2
1
18, y-e2™ 3t :
. y=e [clcosJEz+cgsian5x]+e2 * -——l___( -"ibxz
D%+ p e !
19. y=(logx)lc1x2+czx“l+-1—[x log x)?
"3 20, y=e leyx® + epx~1)
I|2
2l. y=x+(x+cy)e 2 =
22, y=e 2[(c1coa2x+czsm2x)+"']
S
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p“-p:;‘REN’IM“ EAMARIMING UL oELOUND ORDER T e ——

find Rule :
+nd two independent solutions of the equat d*y _d
) K | equation Ix_; ¥ Pr_y_ + Qy =0 and denote them

by 1 and y; -
g) Put C.F.= Ay, + By,, where A and B are arbitrary constants

Vi Yo

.
' 1o

N Y

. 1= & Yo R
g Find W = =T .[ _W—dx'*'clf U=I——y‘1NRdx+c2

Replacé arbitrary constants A and B in C.F, = A" +B ;
g (i y, + By, by functions « and v so that

4)

2
Apply the method of vaiiatiop_of 'parameters to solve ng +4y=tan 2x.

[K.U. 2014, 04; M.D.U. 2009, 07, 04]

Solution. The given equation is

ﬁ\
; . dzy

—> +4y=tan 2x k1)

(D2 4+ 4)y =tan2x where D=§%

: | AUXﬂiaryequationis D2+4 =0
D2=-4 = D=x2i

C.F. =Acos?x+Bsin2x

Let the complete solution of (1) be
y =ucos 2%+ sin 2x : (2)
here u, v are unknown functions of x

y =uy; + Wa where y, = cos 2x and y,=sin 2x

o e
n' ¥
cos 2x  sin 2x
" W =|_ggin2x 2cos2x

: Let W =

) .
=2cos” 2x + 2 sin? 2x

— 2 (cos? 2x + 8in? 2x) = 2.

Now, U - I l%w-f-{— dx +'c1 where R =t1n 2x

-
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sl : SRS EQUAR, {
i o o 1 sin? 2x d + ¢ ohq
:_.[EM%EL;(L“FC':‘EICOSEM 1
| - ('[N?' pAY
- _1I ai— & 3
) cos 2x
== l I(sec 9y — o8 2x) dx + €1
92 _
1 [log (sec 2x + tan 2x) — sin 2::.5:] 2, H
) 2 |
' cos 2x . tan 2x [
) = gi—lid‘t'FCg: dx+02
— = W 2
cos 2x
=-21-Isin 2x dx + ¢y =— 1 +cy

From (2), y =u cos2x+ v sin 2x

= i [log (sec 2x + tan 2x) — sin 2x] cos 2x

cos 2x

sin 2x + ¢; €0S 2x + ¢, sin 2

cos 2x

or y = [log (sec 2x + tan 2x) — sin 2% + sin 2x]+ ¢, cos 2x+ ¢, sin 2x.

Hence the complete solution of (1) is

y = € €0S 2x + ¢y Sin 2x — Cos.ax [log (sec 2x + tan 2x)].
2
I Example 2. IApply the method of variation of parameters to solve jxg +n’y=secn®
[M.D.U. 2017, 16, 14; K.U. 2017, 1513

. 2
Solution. The given equation is a7y M

2
5+ n°y =sec nx

dx
or (D? + n2) y = gec na
Auxiliary equation is D24 p2=0
or D?=-n? = D=x+in

CF. =Acos nx + B sin nx

M l - . )
placing A, B by unknown functions u(x) and v(x), the complete primitive of (1)

Y = U CoB8 nx + v gin nx
or

Y =uy, +vy,, where Yy=cosnx and Yo = 8in nx
Lot W = y1' yz’ _| cosnx sin nx
Yr ¥, =nsinnx ncos ny
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=n(cos?nx +sin?nx)=n(l)=n

Now,

a R
u=- J‘z—‘w—-—dt + ¢y, where R =sec nx

(sin nx) sec nx
n

dx+cl

1

=—l Itanmdx+cx=——[—w)+cl
n n

n

1
u = — log cos nx + ¢4
n

v = Ileit+cz=Icosmsecnxdx+cz
W n

1 x
= I—"C{x'i'Cz:'—‘f‘cZ
n n
from (2), y =ucosnx+U sin nx

1 | x !
[—Elogcosnx+c1 cos nx + ;—+—c2 sin nx

e
I

n

x . .
y = if(log cosnx)cosnx+;1—smnx+c1 COS NnX + Cg SIN NX.

n

s the complete solution of the given equation (1).

Apply the method of variation of paramelers to solve the equation

Solution. The given equation is

By, 2 d_ 3y, o 'k coditen g
dxz l-xdx 1-x nb’_
£ dm Sb’”

h-(.ﬂ;gd £ 'F \

- n 42 p P L Qy= h
c°mparmg(1)w1tha%+PEx-+Qy-—R,Weset 4 Y

x 1
— — d — 4 —
P_l—x' Q — an R=1-=x
x x
et B =0
As P+ Qx Tz 1-x
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Also

is a part of C.F.
where A, Bare arbitrary constants.

wn functions i, U, thecomplm im

B y =e’
Thus C.F. = Ax + Be',

Replacing A, B by unkno
y =uxt ve'

y = udy(x) + vy(x), where ¢,(x)=x and by () = u,

b () %(x) x e = Xe w-{,*” : -—-((f"“j-))‘{l#
¢1 (x) ¢ (f) 1 e”

Now, u=- I 32—%)—?'— dx +¢,, where R = (1-%)

e A=9 yyel -—_[1 dx + ¢
e*(x-1)

Putting the values of u and v in (2), we get- 3
y=@x+c))x+[e *(1+x)+cy]
y=c;x+cyef +x%+ (1+x) ”

which is the complete solution of the given equation.

et .'r.j"?"f;ﬁ._’;f?);éjnf-‘ﬁjflffd:- x)y= A D b e

e, Y
/én equation 18

1= A,
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P+ Qx =““2_(‘1‘i‘2+3-(li_x_)_ )

x x

Y =xis a part of C.F,

™, find the soluti dz. 2
o find th ution of T “‘(1+x)£il+_?_(1+
: x dx = 42 x)y =0 . (2)

- dy dv
but vy =vx so that o =x-cfx_+v

d? 2
y =xg——v+2fl_f’_

d? gty
Equation (2) becomes

d2
’C——E+29—!3._—2_E_f‘l[x£z£+u]+2(l+x)

L d-xz dx X dx xz vx =

dzv du d }\ A
x:ix—2+2a;—-2(l+x)£-— (}x+x)v+2‘(]_'+x)u

=0
x -
dzv - dv '
12 ( x) 0

d%v dv
@ !
d%v _2dv
= =2
dx dx
;lx_p = 2p, where p=—
dp _
P
Integrating, logp=2x+1logec,
p=coez'
i dv
E’ Z="oek
T coe™ ¢ 3%,
tegrating, v L —+cp=cf e +cg

Hence, the solution of (2) is
y=vx ie, y=c,xe¥+c)’x
I r
: For finding the complete solution of (1), replace the arbitrary constantsc, andc,’ by u,v
are functionsof x

&
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y = u (xe®) +v () "
y=Uu. ; (x)+ V. ‘f‘zfx)
2v and ¢, (¥) =%

or
where ¢, (x) =xe

!(h(\) d))(\)

xe’* x

o2 (2x+1) 1

¢y (x) ¢y (x)
2 _ yo2 (2¢ + 1)
[1-2v— 1] =-—2.‘b'282x

= XC

= xe?
by (¥) R __
Now, u=—f 2W dx + A I TP

1 (e-2tde+A
2

- 2x —-2x
_1. ¢ +A:-—e +A
2( -2 4

R (x)
U="'¢$) dx+B I—————Z—ﬂ—dx-!—B

dx+A

and

:—fldx+B=—f‘-+B
2 2

From (3), y =u (xe¥) +uvx

-2z
or y=(— 34 +AJxez"+(—g+BJx
x  x
or y=Axez"+Bx—Z——2—,

which is the complete solution of the given equation. 1

S——— - —
. By 1 '.P«-'-.!:_-;.
.~ _‘-.r 7y
- nh i AR
— B e

Solve the following equations by the method of variation of pammeten ‘ *?
d2 y o d2 pr i BELE :
. Sgty=x 9 2749 sec3x i
L g+ 2 oT 7 _ .‘
d’y L dhy

3. Fq-a”yzcosacax IM.D.U2008] 4. E;g+y=cosecx

7. +y=x X L . 8. ',}"-33"%95’3-‘—2—' 0 G
. ; o , { i _ x v isgih {’fﬁ'?‘;‘,«;_
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ﬂrﬁnéﬁri}mbc}ukﬂons OF SECOND ORDER ) _

D" I)y:c“z’sint?"’ 10, y" -2y 4+2y=¢"tanx
9 ( IM.D.U. 2016, 15; K.U. 2011 (M.D.U. 2011]
yerify that e and x are solutions of the homogeneous equation corresponding to
E (q=xnt ' =y=2- D% ", 0<x<1andhence find its general solution.
b3 yerify thaty =X and y = x? = 1 are linearly independent solutions of
|
d? y dy
24— —2¢ =L 4+ 2y =0,
dx‘,‘ dr 4
Find the general solution of (x%41) f.{._z. — 9y dy + 2y =6(x% +1) [M.D.U. 2008]
\ ' dx dx
‘ 2
r (fz\' dy 2 i d”y 2
[ 2 = 14. Sol 5 — Y=
g S s g exgomymE Lt 1
| (K.U. 2008, 06, 03; M.D.U. 2012, 06, 05]
.i 2, d
| s Solve (x+2) g——; —(2x +5) T: 2y =(x+1)e* _ [M.D.U 2013)
: x ;

2 d
16. Solve (l—xz)%—4.r-£—(l+x2)y=x
X

d?y dy
- '2_—-—_
17. Solvex ) 2x — T

L y=c,cosx+¢,SINX+X

+2y=xlogx. [M.D.U. 2017}

Xool
2. y=c cos3x+c,sin3x+ —;- cos 3x log cos 3x + 3 sin 3x

: x 1 g X
3. y=c cosax +c,singx —— cosax + —2—smaxlogsmax
a a

4 y=c,cosx+c,8inx —xcosx+ sin x log sin x 5. y=c1e‘+c2x-—(r2+x+1)

; . 1 .
6. Y=c cosax +c,sinax + — cos ax log cos ax + a x sin ax

112
x x?
Y=c cosx+c,8inx+ Isinx—Tcosx 8. y=(c,+cyx)e>—e>logx

Y=ce*+c,e*—gin e * —e* cos (e¥)
Y=¢ [c, cos x + ¢, Bin x] — €* cos x log (sec x + tan x)

3'=flx+cze‘+(-;——x]e" 12, ¢, (x% = 1) + cpx + x* + 32
x x
J'=c1x+£3-+g"-£; 14, y= cle‘+c3e"'+e’log - —1-¢"*log(+e*)
e’
Y =0,(2x 4 5) + c e ~ o 16. y = (¢, cosx +cy8inx +x). 2 2
1 (1-x%)

.
- Y=ex+opr? __x[(logzx) + log x +1]

-

—
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